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Abstract

Some level of uncertainty is unavoidable in acquiring the mass, geometry parameters and
stability derivatives of an aerial vehicle. In certain instances tiny perturbations of these
could potentially cause considerable variations in flight characteristics. This research con-
siders the impact of varying these parameters altogether. This is a generalization of exam-
ining the effects of particular parameters on selected modes present in existing literature.
Conventional autopilot designs commonly assume that each flight channel is independent
and develop single-input single-output (SISO) controllers for every one, that are utilized in
parallel for actual flight. It is demonstrated that an attitude controller built like this can func-
tion flawlessly on separate nominal cases, but can become unstable with a perturbation no
more than 2%. Two robust multi-input multi-output (MIMO) design strategies, specifically
loop-shaping and u-synthesis are outlined as potential substitutes and are observed to han-
dle large parametric changes of 30% while preserving decent performance. Duplicating the
loop-shaping procedure for the outer loop, a complete flight control system is formed. It is
confirmed through software-in-the-loop (SIL) verifications utilizing blade element theory
(BET) that the autopilot is capable of navigation and landing exposed to high parametric
variations and powerful winds.

Introduction

Quite a few applications require automatic flight control techniques that help or even replace
the human pilot [1, 2]. Autopilot technologies have advanced significantly over time to pres-
ent-day autopilots that achieve path following and landing rather proficiently [3-5]. Autopilot
technologies are no longer reserved to military fighters and large-airlines; coupled with the
increased availability of unmanned aerial vehicles (UAVs) to the common researcher, they
have found application in many smaller-scale civilian projects [6-8]. Procedures utilized for
autopilot design comprise of dynamic inversion [9], nonlinear optimal predictive control

[10], reconfigurable flight control laws [11], robust nonlinear control [12], Lyapunov vector
tields [13], command filtered backstepping [14], sliding mode control [15], multiple model
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adaptive control [16], invariant manifolds [17], fault tolerant H, control [18] and geometric
control [19].

Conventional autopilot models usually approximate every flight channel as independent
and create single-input single-output (SISO) controllers [2]. To regulate the banking angle for
instance, a SISO model from aileron deflection to roll angle is formulated, on which a SISO
control technique (e.g. PID) is employed [4]. The operation is continued for every aspect being
controlled and all the SISO designs are finally used concurrently in the ultimate design. This
method disregards the couplings amongst the channels. However, these side effects are usually
not powerful in most fixed-winged airplanes so it continues to remain a dominant approach.
Multi-input multi-output (MIMO) methods are usually preferred for missiles [20-23], helicop-
ters [24-26] and multirotor vehicles [27-30] where dynamical couplings are dominant.

Regrettably, numerous research work hint that there exist threats linked to the standard
SISO design method for even fixed-winged aerial vehicles. High crosswinds, aerobatics, struc-
tural damage and actuator failures could lead to the aircraft getting forced away from its nor-
mal behaviour [31, 32]. These kinds of scenarios break the regular weak-coupling suppositions.
It is furthermore common in conventional SISO designs to presume that the airplane variables
like geometry, mass, inertias and stability derivatives are known completely. In actuality it is
hard to come by accurate estimates to these variables. In reports assessing popular methods
such as Advanced Aircraft Analysis (AAA), Athena Vortex Lattice (AVL), wind tunnel based
modelling and real flight dependent modelling, it has been discovered that one method could
possibly produce parameter values quite different from an alternative approach [33-36]. These
parameters get inserted inside the system model during linearization of the nonlinear dynamics
about a particular operating condition. A controller constructed on this sort of a model is then
utilized for the whole flight envelope. This often works nicely for the nominal case yet perfor-
mance degrades and destabilization can take place for perturbed conditions [37].

The two primary cases for which departure occurs from the nominal circumstances are leav-
ing the vicinity of the operating point and the existence of uncertainties in the aircraft parame-
ters. Although many results are documented with regards to the former [38, 39], it is hard to
find a single study on the latter for the complete parameter set on the whole aircraft (i.e. not
just particular parameters on particular modes [40]). In this paper a practical oriented study is
given to investigate this issue. Via an example on a general aviation airplane, it is proven that
the common technique of designing SISO controllers for each channel may have bad perfor-
mance and even lose stability under modest parametric uncertainties. We then look at two
robust MIMO design methods, namely loop-shaping and y-synthesis, which can endure large
parametric variations and at the same time maintain decent performance. Nonlinear simula-
tions along with software-in-the-loop (SIL) verifications utilizing blade element theory (BET)
[41], [42] are executed. BET is commonly perceived as an extremely reliable way of carrying
out aerospace simulations in which all surfaces of the aircraft are represented as “blade ele-
ments” for force and moment calculations.

The scientific contribution of this work can be summarized under three items:

1. Analysis of the critical effects of varying all aircraft parameters simultaneously: In this work,
all the parameters related to mass, geometry and the dynamical behavior of the aircraft are
varied simultaneously to first uncover the possibility of fatal results with variations as little
as 2% under traditional control approaches. These traditional approaches are presently
embedded in many of the existing autopilot systems used in civilian and military aircraft.

2. Systematic construction of autopilots to remedy the risks associated with parameter varia-
tions: It is demonstrated that MIMO robust control approaches can endure large parametric
variations and at the same time maintain good performance for aircrafts. Step by step
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construction using two such methods, namely loop-shaping and y-synthesis, is outlined. It
is seen that as much as 30% changes on the full parameter set is acceptable without signifi-
cant sacrifice in stability and performance.

3. Separation of design-models and verification-models: A clear separation between the aircraft
model used in design and that used for verification is made for this study. The autopilot
designs utilize a mathematical model based on the theory of aircraft dynamics. This model
consists of nonlinear differential equations for which the forces and moments are computed
using coefficients called stability derivatives. Once the controllers are established, the final
closed-loop verifications are done with SIL tests which are based on different and much
more accurate models of the aircraft. These models use BET in which all surfaces of the air-
craft are subdivided into small regions called blade elements for force and moment calcula-
tions. BET flight simulations are widely regarded to produce the most realistic results.
Moreover, they are not based on ordinary differential equation models of the aircraft such
as the one we use here for designing the controllers. Avoiding the same type of model in the
testing phase is advantageous to increase the validity of the proposed methods.

The remainder of the paper is structured as follows: Section Methodology sets out the struc-
ture for the study together with background information on necessary tools. Section Results
performs the analyses on a general aviation aircraft and presents the outcomes. Section Conclu-
sions wraps up the article with conclusions and future research ideas.

Methodology
Mathematical Model

The first step is the derivation of the mathematical model on which numerical analysis and
controller design will be carried out. The model of the aircraft dynamics is acquired from rigid
body force and moment equations:

F m<crgt/+Q><V> (1)
M = a(la'tg) +Qx(I-Q) (2)

where V = [u v w]" is the velocity vector at the center of gravity, Q = [p g r]” is the angular
velocity vector about the center of gravity, F = [F, F, F,] Tis the total external force vector, and
M = [L M N]” is the total external moment vector. I is the inertia tensor of the rigid body
defined as

L, T, .
I = _]yx Iw _]yz
Tu Ty L,
The coefficients of the matrix I are the moments and products of inertia of the rigid body

and they are constant for a frame of reference fixed to the aircraft. A rearrangement of Eqs (1)
and (2) yields
ov F

- - 3
5 — QxV (3)
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aI- Q)
ot

=M-Qx(I-9). (4)

After some manipulations the following non-linear state space system is obtained

x = f(x, F(t), M(t)) (5)

with

F =g, (x(2), u(t), v(t), ) (6)

M = g,(x(1), u(t), v(t), t). (7)
These equations can be written compactly as

x = f(x(t), u(t), v(t), 1) (8)

with state vector x, input vector u, disturbance vector v, and time ¢. The state vector x normally
consists of three linear and three angular velocities from V and Q. For practical applications
however, it is usually much easier to use airspeed, angle of attack and sideslip angle rather than
the linear velocity components. This produces the state vector:

x=[Vafpqry0oxy z] (9)

in terms of which the state space equations can be derived as:

. 1
V = —(F, cosacosf} + F,sin ff + F,sinasin f§)
m

. 1
o =
V cos f8
— (pcoso + rsina) tan ff

1 .
[ (—F, sino + F, cos oc)] +4q
m

11 . L
p= v [Z(_F" cososinff + F,cos f — F, smocsmﬂ)]

+ psino — rcosa

P = Pyp* + Pppq + P,pr+ P g’ + Poqr
+P r*+PL+P M+PN

g =Q,p* +Q,pq+ Q,pr+ Q4" +Q,qr
+Q,” +QL+Q,M+QN

P =R,p* + R,pq+ R,pr+R,q" + R, qr
+R,”?+RL+R M+RN

Y =gsing + rcos¢pcosl

0= qcos¢p — rsin¢
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é = p+ (gsin ¢ + rcos ¢) tan 0

x, = [ucos0+ (vsing + wcos @) sin 0] cos

— (vcos¢ — wsin @) sinys

¥, = [ucosO+ (vsin¢g + wcos @) sin 0] siny
+ (vcos¢ — wsin @) cos

where
z,=usin0 — (vsin ¢ + wcos ¢) cos 0
u=—=—qw+rv
v="4pw—ru
m P
L_E
w=-=—pv+qu
e
and Ppp; qua Ppn qus qu; Prr; Pb Pm) Pn) Qpp) qu! Qpra Qqqa qu! ers Ql! Qm) Qn; Rpp; qu; Rpr;

Ryp Rgrs Ry Ry Ry, Ry, are values determined by the inertia values. The equations given listed
here are in the East, North, Up (ENU) reference frame. The sign of z, can be reversed if North,
East, Down (NED) is desired. For solving the abovementioned differential equations one needs
to get the force and moment values F = [F, F, F.]"and M = [L M N]*. These depend on a vari-
ety of mass and geometry parameters, the thrust mechanism, along with the control com-
mands. These forces and moments are handily depicted with respect to stability derivatives,
which capture the impact of various important variables on a given force or moment value. For
example, the longitudinal aerodynamical force can be written as

F,=Cy +CatCy, o? + Cx, o’

qc (10)
+ Cy, 3+ Cx, 9, + Cx, 9y + Cx,, 00

where Cx;, Cx,, Cy ,» Cx ,» Cx,, Gy, » Cy, » Cwa are the stability derivatives capturing the effect

of the term which they multiply on F,. Expressions for F,, F,, L, M, N may be expressed in a
similar fashion in terms of their matching stability derivatives [43].

For the implementation of the mathematical model we utilize the Flight Dynamics & Con-
trol (FDC) Toolbox for MATLAB [43]. The simulation results produced by this package were
tested on real aircraft with successful results. While a different aircraft was used in the FDC
Toolbox, actual values for mass, geometry and stability derivatives for Cessna 172 are available
in various reliable sources including reports form Cessna Aircraft Company itself [44], making
it possible to obtain a valid and reliable Cessna 172 model.

It is difficult to perform a direct validation of the aircraft model based on real flight data
since we do not currently have access to a real Cessna 172 and a flight recorder. Nor were we
unable to locate any work in literature where such data is openly available. The closest is the
study of Neuhart et al. [45] where actual flight data from a Cessna 172 was collected using a
custom-built data acquisition system. While the comprehensive data set is not provided

PLOS ONE | DOI:10.1371/journal.pone.0165017 October 26, 2016 5/36



@° PLOS | ONE

Investigation of MIMO Robust Control Methods to Handle Parametric Uncertainties in Autopilot Design

Stall Test for Model Validation
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Fig 1. Stall test with 30° flap for model validation with stall occurring around t=20s.

doi:10.1371/journal.pone.0165017.9001

numerically, a scenario involving a stall-test is presented through some plots. In this scenario
the aircraft was trimmed in a wings-level attitude for 30° flap with a fixed throttle setting. The
pilot increased elevator input until stall was achieved. This test matches JAA test 2c8 and FAA
test 2¢9 [46, 47]. Although numerical data for this test is not available, looking at the figures
one can eyeball that the aircraft stalls when the elevator input is around 15°.

For validation purposes we make an attempt to replicate the scenario above with our mathe-
matical model as follows: We trim the Cessna 172 model with 30° flap for straight and level
flight, after which the elevator input is increased gradually until stall happens. The results can
be seen in Fig 1 where it is observed that the aircraft stalls around roughly ¢ = 20 s, when the
elevator is at 0.25 rad = 14.324°. This is quite close to the 15° observed in actual flight [45]. This
serves as an additional proof of our model’s acceptable accuracy, as well as the feasibility and
effectiveness of the analysis and control design to be carried out on it.

Trimming and Linearization

Trimming describes the procedure for identifying an operating point for a provided flight con-
dition. In our design, the aim is to solve the following equations

V=V, z =z, (11)
Oo _%_@_%_81’_

o 9P _P_Yq_ 9 12
ot ot ot Ot ot 0, (12)
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W0 W oz

A S ol 13
ot ot ot Ot 0 (13)
for
x:[vaﬁpquﬁg(bxeyeze}’r7 (14)
u=1IF,4,0,0]" (15)

where V) is the chosen airspeed, z,, ¢ is the desired attitude and the time derivatives are calcu-
lated from the nonlinear dynamical equations provided in Section Mathematical Model. The
trimming procedure may be presented as the subsequent general optimization problem as

min f(x, u) (16)
subject to
&xu)=0, gxu)=0 (17)
where
o= (5 +(8)+(8) - (3)'
@) )+ G) &) (3)
and

Sxu) =V -V, glxu) =z - Ze0

Ideally f(x, u) = 0 yet because of numerical implementation and round-off errors f(x, u) <
1077 is appropriate in reality. When the problem is formed as an optimization problem as
above, it can be solved by means of effective numerical methods like Sequential Quadratic Pro-
gramming (SQP) [48, 49]. The trim point solving the optimization problem in Eqs (16) and
(17) is expressed as (xo, 4p) Where xq is vector of the aircraft states at the operating condition
and uy is the vector of control inputs to be applied at the trim condition. The nonlinear aircraft
model could then be linearized around the operating conditions (xo, t), which produces a lin-
ear state-space system G of the form to be utilized in controller design

X = AX + Bi
G: (18)
y=Cx+ Du
wherex = x — x, 4 = u — u, and
of of
A= a(xo’ u)), B= %(xov upy), (19)
Oh oh
Cza(xo’uo)a Dza(xoauo)' (20)

The vectors fields f(x, u) and h(x, u) consist of respectively the equations for derivatives of
the states and the outputs to be controlled. The linearized system may also be written in
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transfer function matrix form
G(s)=C(sI—A)'B+D (21)

where I is the identity matrix.

H.. Loop-shaping

The first MIMO control strategy utilized in this study is H., loop-shaping. In loop-shaping
control design, the desired specifications are commonly expressed as

7(S(jo)) < [Wi(jo)] (22)

7(T(joo)) < [Wy'(jo)] (23)

where ¢ and ¢ denote minimum and maximum singular values respectively. Here, S(s) is the
sensitivity function defined as
S(s) = (I +L(s)) ", (24)
T(s) is the complementary sensitivity function defined as
T(s) = L(s)(I + L(s)) ", (25)
L(s) is the loop transfer function matrix
L(s) = G(s)K(s), (26)
|W ! (jo)| is the desired disturbance attenuation factor and |W3(jw)| is the largest anticipated
uncertainty of the plant expressed as a multiplicative perturbation. Note that the singular val-
ues of S(jw) determine the disturbance attenuation since S(s) is actually the closed-loop transfer
function from an output disturbance d to plant output y. Note also that T(s) is indeed the
closed-loop transfer function on the whole system. A stabilizing H,, controller K is computed
for plant G to make the sigma plot of the loop transfer function GK have desired loop shape G,
with accuracy y. The specifications on disturbance attenuation and multiplicative stability mar-

ginin Eqs (22) and (23) can be written in terms of singular values of the loop transfer function
since one can make the following approximation for 6 (L(s)) > 1

S(s) = (I+L(s))" =~ L(s)", (27)
and the one below for 6 (L(s)) < 1
T(s) = LI+ L(s)) ™ ~ L(s). (28)

Therefore if w, is the 0 dB crossover frequency of the singular values plot of G,;(jw), the
specifications can be stated as

(6K () = (G, j0). Vo < o, (29)
5(GUjw)K(jo) < 15(G,(jo), Yo > o, (30)

Thus, high tracking performance is achieved at low frequencies where the system model is
more accurate, and high robustness is achieved at high frequencies where the system model is
less accurate and noise effects are stronger. A stable minimum-phase loop-shaping, squaring-
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down prefilter W is computed using greatest common divisor (GCD) formulas [50] such that
the shaped plant G, = GW is square and that the desired shape G, is achieved with good accu-
racy in a desired frequency range (w,,in, Wmax) by the shaped plant; i.e.,

0(G,) ~ 6 (G,), Yo € (0, ®,ar)- (31)

min?

Normalized coprime factor synthesis theory is then used to compute an optimal loop-shap-
ing controller for the shaped plant. If the shaped planet is factored as

G,=M"'N (32)
then any perturbed plant can be written as
Gy = (M+AM)_1(N+AN) (33)

where Aj; and Ay are stable and unknown transfer functions that represent uncertainties in the
nominal plant. The objective of the robust controller design is to stabilize by a controller K, not
only the nominal plant but also the family of perturbed plants defined as

G,=(M+A,) " (N+AY) :A,A, <e (34)

For robust stability, internal stability must be achieved for the nominal and perturbed plant.
If there exist a K such that (M, N, K, €) is robustly stable, then (M, N, €) is said to be robustly
stabilizable with stability margin £ [51]. For robust stability the following must be satisfied

(I-GK)',K(I-GK)™",(I-GK)'G,
(I - KG)™' € RH_, det(I — GK)(c0) # 0

(K(I — GK) 'M™!
inf <eg!
(I-GK)'M™)

where the infimum is taken over all stabilizing controllers. The H,, optimization problem
allows £ ' being chosen as small as possible. For actual implementation, the robust stabilization
problem can be converted to a more suitable formulation. Let

0 I
. Pll PIZ
P= = ]\4_1 G (36)
P21 22
M! G
fL(PvK)iPu +P12K(I_P22K)71P21 (37)
Then (Eq 35) can be seen to be equivalent to
. < 1
inf|| 7, (P,K) |, <& (38)

where K is gain chosen over all stabilizing controllers and P is a plant of standard form for H,
optimization problem [52]. The final controller to be used is then computed as

Kfinul = WK. (39)
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u-synthesis using D-K lteration

Another MIMO control strategy utilized in this study is y-synthesis, whose goal is to achieve
robust performance in the presence of uncertainties. Consider the control system configuration
in Fig 2. In the figure the nominal open-loop interconnected transfer function matrix is
denoted P(s). This is the aircraft model without any uncertainties. The uncertainties in the
parameters are represented by the transfer function matrix A(s) and the controller is denoted
as K(s). The signals forming the interconnections are named d, v, w, z, u and y as shown in the
figure. Based on these interconnections, P(s) can be partitioned as

P, P, Py
P(s) = | P, Py Py (40)
Py Py, Py

The signals y are the feedback signals to the controller (i.e. tracking errors for our case) and
u are the control signals generated by the controller. (i.e. the thrust and the surface deflections
for our case.) The blocks P(s) and K(s) can be composed into a single block M as follows:

M(P,K) = F(P,K) =

[Pll P, 1 (41)
K(I_Png) [PSI P32]'
Py Py,
A <
d v
—>>
w
P Z,

K

Fig 2. Control system configuration for y-synthesis design.

doi:10.1371/journal.pone.0165017.9002
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The goal of y-synthesis it to find a stabilising controller K such that

sup u[M(P, K)(jw)] <1 (42)

where y is the structured singular value defined by

1y (M(s)) = sup 1, (M(joo)) (43)

with

3 (M(jo) = min {5(A) : det (I — M(jo)A) = 0}.

This is usually expressed as the optimization problem

inf sup u[M(P, K)(jow)]. (44)

K(s) o

An iterative approach was introduced in [53] to solve (Eq 44). The method is called the D-K
iteration y-synthesis method, and is based on solving the following optimization problem, for a
stabilising controller K and a diagonal constant scaling matrix D,

inf sup inf G[DM(P, K)D ' (jw)]. (45)

K(s) o, D

Referring to (Eq 42), a stabilising controller is to be found such that

sup igf&[DM(P, K)D'(jw)] < 1. (46)

(0]

The D-K iteration method minimizes (Eq 45), i.e. reduces the left-hand-side value of (Eq
46) for K and D in turn, while keeping the other one fixed. For a given matrix D, (Eq 45) is a
standard H,, optimisation problem

inf | DM(P,K)D™ | @)
that can be written as
inf || DE(P,K)D™'[, = inf | F,(P.K) |.. (48)
with
D 0

awoh}
Il

D' 0
2 ] (49)

0 I

0 I

compatible with the partition of P. For a fixed K(s), inf , [DM (P, K)D™'( jw)] is a convex opti-
mization problem at each frequency w. After minimization on a frequency range of interest,
the resultant diagonal matrices can be approximated using curve fitting, by a stable minimum
phase, rational transfer function matrix D(s). This is then used in the next iteration for K. The
steps of the D-K iterative y-synthesis algorithm can be summarized as follows:

1. Start with an initial guess for D, usually D = I.
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2. Fix D and solve the H -optimization for K,

K = arginf || F(P, K) | (50)

3. Fix K and solve the following convex optimization problem for D at each frequency over a
desired frequency range,

D(jo) = arginf [DF,(P, K)D " (jo)]. (51)

4. Curve fit D(jw) to get a stable, minimum-phase D(s). Go to Step 2 and repeat, until a desired
convergence tolerance is met, (Eq 46) is achieved, or a prespecified maximum iteration
count is reached.

It is well known that the solution to the H-infinity optimization problem (Eq 50) is not
unique except in the scalar case and there are no analytic formulae for the solutions in general
[54]. In practice one usually seeks a suboptimal solution close enough to the actual one, i.e. one
tries to find a controller K such that

I E(P, Kl <7 (52)

for a small enough value of ¥ > 0. Several established methods exist for solving (Eq 52)
among which we utilize the two-Riccati formulae, the mathematical details of which can be
found in [55]. A slight extension is employed here in the sense that multiple iterations are
performed with successively smaller values of y. Starting with a conservative (high) and tight
(low) bound guess for ¥, a bisection algorithm is applied to approach the optimal y value. At
each step, the problem (Eq 52) may or may not be feasible depending on how small y is. The
algorithm terminates and returns the last feasible solution obtained when the relative differ-
ence between the last y value that failed and the last y value that succeeded is less than a spec-
ified tolerance (0.01 for this work).

The D-K iteration approach used in this study is implemented using the numerical comput-
ing package MATLAB. It will be employed in the succeeding sections to design a MIMO con-
troller for the aircraft model with a prescribed amount of parameter variation in an attempt to
achieve robust performance over the entire uncertainty range.

Remark. At this point it worth recapping why loop-shaping and y-synthesis were chosen as
the control design methods above others. While various tools exists for building robust control-
lers, loop-shaping and p-synthesis were preferred since their design procedures can be linked
(directly or indirectly) to the control of MIMO systems under parametric variations. In loop-
shaping, the procedure is based on finding a controller to make the loop transfer function
match a desired loop shape. The properties of the desired loop shape such as low/high fre-
quency gains, bandwidth and crossover slope can be used to specify performance and robust-
ness margins. These will in turn determine the behaviour under undesired circumstances
including parameter uncertainties. As to the y-synthesis based on D-K iteration technique, this
is a numerical method where the amount of anticipated uncertainty can be specified directly as
a constraint for optimization. Once the procedure converges to a solution, the resulting con-
troller is guaranteed work for the modelled uncertainty.

Blade Element Simulation

After nonlinear dynamical simulations, the final test for the control system is software-in-the-
loop (SIL) verifications based on blade element theory (BET). The surfaces of the aircraft (e.g.
propellers, wings, stabilizers) are divided into several sections, the lift/drag forces acting on
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each section is computed separately and the composite effect is applied to the entire aerial vehi-
cle (Fig 3). This approach contrasts traditional flight simulations relying on empirical data (e.g.
stability derivatives) in predefined lookup tables and is widely accepted to be more realistic
albeit computationally expensive. It is also a good choice for testing the control design pre-
sented here as the mathematical model utilized is based on stability derivatives. Hence a differ-
ent (and more accurate) flight simulation technique that does not rely on stability derivatives
serves as a better test. The main idea of BET can be summarized on a propeller blade shown in
Fig 4. The blade is divided into N elements, each of which experiences a slightly different flow.
Lift and drag coefficients (Cy, Cp) are readily available for numerous airfoil shapes from wind
tunnel tests. Using relative velocities, the flow over each element can be related to these tests.
The flow is slightly turned passing over the airfoil so inlet and exit flow conditions are averaged
to improve accuracy. Carrying out the necessary computations yields

dF, = dLsin i + dDcos 8 (53)
dF = dLcos f — dDsin f§ (54)
, V(1-a)
dL=o¢ TEPW CLI’dT’ (55)
dD=d'n MC rdr (56)
o cos22f P

Bc
r_ 2° 57
2nr (57)

Fig 3. During flight simulation, the aircraft is split into a number of surfaces and the forces on each are computed by BET.
Reprinted from http://www.x-plane.com/desktop/how-x-plane-works/ under a CC BY 4.0, with permission from Laminar Research, original
copyright 2011.

doi:10.1371/journal.pone.0165017.9g003
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dr

Fig 4. lllustration of the main idea of blade element theory (BET) on a propeller blade.
doi:10.1371/journal.pone.0165017.9004

where dL, dD, dF,, dFy are respectively the lift, drag, axial and tangential forces, f is the relative
flow angle, p is the air density, V is the flow velocity, a is the axial induction factor, r is the
radius, ¢ is the local solidity, B is the number of blades and c is chord length [41]. The proce-
dure is carried out on the entire aircraft to compute all the forces, using which the flight
dynamics can be simulated.

Results

In this part first the issues linked to the conventional independent SISO control strategy is
highlighted on the attitude control (inner loop) of a popular general aviation aircraft, namely
the Cessna 172. The mass, geometry parameters, performance data and stability derivatives of
this aircraft are given in Tables 1 and 2. The objective is to use the four usual inputs, namely,
thrust Fx, elevator deflection &, aileron deflection §, and rudder deflection &, to manipulate
the four outputs airspeed V, pitch angle 6, roll angle ¢ and sideslip angle 8. The outcomes of
the are conventional individual-channel SISO approach are compared to the MIMO control
design methods loop-shaping and p-synthesis, which drastically enhance the robustness to
parameter changes. Next the functionality of the robust MIMO control approach is addition-
ally validated via the inclusion of an outer loop for path following. For tests the flight controller
is first coded in MATLAB/Simulink and simulated on the nonlinear aircraft equations given in
Section Mathematical Model. Ultimately SIL simulations are carried out by interfacing the
flight controller block with blade element simulations performed by the flight simulator
X-Plane. The former transmits thrust, elevator, aileron, rudder commands to the latter and
receives flight simulation data in real-time every 25 ms by means of user datagram protocol
(UDP) packets. The setup is shown in Fig 5.

Independent SISO Control Design

We consider a typical flight condition for the Cessna 172, namely straight and level flight at
Vo = 65 m/s and elevation z, = 1000 m. A trim point for this condition is computed as
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Table 1. Mass, geometry parameters and performance specifications for Cessna 172.

Parameter Value
c 1.4935m
b 10.9118 m
S 16.1651 m?
L 1285.3 kg.m?
by 1824.9 kg.m?
/- 2666.9 kg.m?
Jry 0 kg.m?
iz 0 kg.m?
Jyz 0kg.m?
m 1043.3 kg
Cruise speed 65 m/s
Stall speed 24 m/s
Never exceed speed 84 m/s
Maximum crosswind 7.7m/s
Service ceiling 4100 m

doi:10.1371/journal.pone.0165017.t001

follows

xO = [V’ O{, [§)p7 q7 r? lp’ 97 ¢7 xe?)}e’ ZL’]
= [65, —0.00729,0,0,0,0,0, —0.00729, 0, 0,0, 1000]
u, = [F.,0,,6,,8,] = [1125.7, —0.00665, 0, 0].

Defining the output as

y=[Voo¢p (58)
a linearization around (xo, uo) yields a 4 x 4 transfer function matrix
[ Gll (S) G12 (S) Glfﬁ (S) Gl-’1 (S) 1
Gy (s)  Gu(s) Gyls) Gyls)
G(s) = (59)
Gu(s) Gu(s) Guls) Guls) i

representing the local behavior around V,, = 65 m/s and z,, o = 1000 m. For individual SISO
design, since there are four inputs, one can select four of these Gji(s) and design separate control-
lers. It makes sense to pick the diagonal entries Gy;, G,,, G33, Gy since for straight and level
flight, V'is mostly influenced by F,, 8 by &,, ¢ by 8, and B by 8,. For a different scenario an alter-
nate choice may be preferable. For instance during landing many pilots think of regulating air-
speed by elevator, altitude by thrust, keeping the aircraft level with ailerons, and aligning with
the runway using the rudder. A standard SISO control design is then performed on each diago-
nal entry, hoping that the off-diagonal dynamics remain well-behaved in closed-loop. To design
the individual controllers, several standard automated tuning methods such as Ziegler-Nichols
PID, internal model control (IMC), linear quadratic Gaussian (LQG) and optimization based
approaches were tested and the best results were obtained for the IMC design method [56, 57]
with a time constant of 7= 1/3 s & 0.3333 s, resulting in well-damped responses settling in
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Table 2. Stability derivatives for Cessna 172.

Derivative Value
Cp, 0.031
Cp, 0.13
Cp, 0
Cnﬁe 0.06

o, 0
C., 0.31
C., 5.143
C., 3.9
C, 0.43
CL,h 0
Cy, -0.31
Cy, -0.037
Cy 0.21
C,, 0.0

Yar 0.187
C, 0
C, -0.089
C, -0.47
C, 0.096
C, -0.178
C, 0.0147
Cm, -0.015
Cm, -0.89
Cnm, -12.4
Cn, -1.28
C, 0

In

Cn, 0
Cn, 0.065
Cn, -0.03
C,, -0.099
C,, -0.053

-0.0657

doi:10.1371/journal.pone.0165017.t002

about t, = 41 &~ 1.3333 s as seen in Fig 6. While the controllers seem to perform well on their
individual nominal models, the real test is whether they will regulate the aircraft attitude suc-
cessfully when used simultaneously under parameter uncertainties in nonlinear simulations. A
sample scenario is presented in Fig 7 where the aircraft is commanded to do the following:

1. Increase airspeed V'by 1 m/s at t = 5 s and decrease it by the same amount at ¢ =20 s.

2. Increase pitch angle 0 by 1 degree (0.0175 rad) at ¢ = 35 s and decrease it by the same

amount at £t =50 s.

3. Increase roll angle ¢ by 1 degree (0.0175 rad) at t = 65 s and decrease it by the same amount

at t=80s.

4. Keep sideslip angle f at zero for all times.

PLOS ONE | DOI:10.1371/journal.pone.0165017 October 26, 2016
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Fig 5. The setup for verification of the results through nonlinear dynamical simulations and/or SIL tests based

on BET.

doi:10.1371/journal.pone.0165017.9005

One hundred Monte-Carlo simulations on the nonlinear model were performed, allowing
up to a mere 2% perturbation in each aircraft parameter. The resulting aircraft states are plot-
ted in Fig 7. It can be seen that some of the responses provide acceptable tracking of the refer-
ences; these are for parameters close to nominal values listed in Table 1. However, it is clear
from the figure that certain parameter combinations have poor performance with significant
oscillations, some of which even grow unboundedly. In practice this would imply the destabili-
zation and potential loss of the aircraft. It is true that these scenarios are unlikely and constitute
a small portion of all the runs. However any risk of losing an aircraft and the lives of those
onboard justifies the need to consider alternate autopilot strategies. One such strategy is inves-
tigated in the next section.

Loop-shaping MIMO Control Design

For loop-shaping control design the system is first linearized around the nominal flight condi-
tion V= 65 m/s and z, o = 1000 m for the parameters given in Tables 1 and 2. The procedure
is identical to that described in previous section until (Eq 59). Simple actuator dynamics are
also augmented to G(s) for a more realistic model, i.e.

Grom(8) = G(5)Gg(5) (60)
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Closed-loop step response for individual SISO systems
From:v (m/s) cmd To: v (m/s) From: theta (rad) cmd To: theta (rad)
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© ©
= 2
aQ Q
2 0.5 2 0.5
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Fig 6. Closed-loop step response for individual SISO systems.

doi:10.1371/journal.pone.0165017.9006

where

4 15 40 15
G =di . 61
() 1ag<s—i—4’s—|—15’5—!—40’5—1—15) (61)

and diag stands for diagonal matrix. G, captures the fact that the real Cessna 172 reacts slower
to throttle command, somewhat faster to elevator and rudder commands, and the fastest to
aileron commands. Therefore the controller must not generate commands beyond these band-
width or else they will not be effective. The loop-shaping is controller designed following the

procedure in Section H,, Loop-shaping with desired loop-shape
3333
Gy(s) = diag(—,—,—,—). (62)

Fig 8 shows the singular value plot, where the loop transfer function L(s) is seen to approxi-
mate G4(s) within tolerance bound y = 1.4155. The bounds on the singular values of the sensi-
tivity function S(s) and complementary sensitivity function T(s) favor performance at low
frequencies and robustness at high frequencies, as described in Section H,, Loop-shaping.

Since L(s) &= G4(s), this suggests that

T(s) = LI+ L(s)) " = Gy(s)(I + Gyls)) ™ (63)
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Combined SISO system outputs (solid) under v, theta, phi, beta commands (dotted)
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Fig 7. States of perturbed aircrafts under combined SISO control.
doi:10.1371/journal.pone.0165017.9g007

from where one obtains

3 3 3 3
T(s) ~ di
) lag<s+3’s+3’s+3’s+3)

3

s+3 0 0 0
) 0 si3 0 0 (64)
_O 0 0 siS

From here one observes that the individual transfer functions for the diagonal channels are
approximated by

Vena () _ 0na(s) _ Pena(s) _ Bewals) 3

Vi) 0G)  a(s) Bl T s+3

(65)
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Fig 8. Singular value plot for the loop-shaping controller.
doi:10.1371/journal.pone.0165017.9008

so the closed loop system will be able to track all references successfully with minimal over-
shoot and a settling time of approximately #, = 5t = 51 = 2.5 seconds. Also the off-diagonal
entries of T(s) are roughly zero, which indicates that the coupling between different command-
response pairs are eliminated.

The results for the loop-shaping controller in closed-loop for the nonlinear aircraft with the
nominal parameter values are shown in Fig 9. The nominal performance is seen to be quite
good with accurate tracking and very little cross-coupling. The inputs generated by the control-
ler are also shown in Fig 10. The thrust and surface deflections remain within reasonable limits
at all times and the control inputs do not contain significant power at frequencies higher than
about 0.5 Hz. This ensures that the control does not cause any sharp thrust changes or wild
oscillations in control surfaces. The responses of the loop-shaping controller to perturbed non-
linear models are shown in Fig 11. One hundred Monte-Carlo simulations on the nonlinear
model were performed, allowing up to 20% perturbation in each aircraft parameter. It is seen
that the stability is never lost, and acceptable tracking performance is achieved for all cases.
The inputs to the aircraft are also plotted in Fig 12 showing that the inputs always remain
within reasonable amplitude and frequency ranges.
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Loopshaping outputs (solid) under v, theta, phi, beta commands (dotted)
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Fig 9. States of the nominal aircraft under loop-shaping control.
doi:10.1371/journal.pone.0165017.9g009

u-synthesis MIMO Control Design

For u-synthesis control design the system must be expressed in the form described in Section
u-synthesis using D-K Iteration. For this purpose, the nominal aircraft model G,,,,,,(s) is
defined based on G(s) in (Eq 59), i.e. the linearization around V, = 65 m/s and z, o = 1000 m
for the parameters given in Tables 1 and 2. We also augment simple actuator dynamics for a
more realistic model, i.e.

Grom(8) = G(5) G (9) (66)

where

(67)

4 15 40 15
G =di '
et (5) 1ag(s+4’s+15’54—40’54—15)

and diag stands for diagonal matrix. G, captures the fact that the real Cessna 172 reacts slower
to throttle command, somewhat faster to elevator and rudder commands, and the fastest to
aileron commands. Therefore the controller must not generate commands beyond these band-
width or else they will not be effective. Parameter variations are expressed as an input multipli-
cative uncertainty Ay(s) so that the real aircraft model is

Great = Gruon () (I + Ay (5))- (68)
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Loopshaping inputs (top row) and spectra (bottom row) under v, psi, theta, phi commands
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Fig 10. Inputs to the nominal aircraft under loop-shaping control.
doi:10.1371/journal.pone.0165017.9g010

The goal is set to design a controller that can tolerate up to 20% uncertainty on the aircraft
parameters; this figure is consistent with the typical variation in parameter values estimated
by AAA, AVL, wind-tunnel tests and actual flight data as described in the Introduction. To
compute Ay(s) the parameters are randomly perturbed up to 20%, a linearized model is
obtained for each perturbed parameter set, and the procedure is repeated 100 times to collect
enough data. The variations between the nominal model G,,,,,, and all 100 models are com-
puted and an uncertainty Ay(s) is selected to cover the maximum variation over the frequency
range of interest, which is chosen as w € (0.01, 100) rad/s for this application. Due to the large
data set, it would be time consuming and computationally intensive to estimate individual
covers for all 16 channels so we utilize a scalar third order Ay,(s) to cover the uncertainties
over all channels:

~ 0.8145s° 4 0.5402s* 4 0.02681s + 0.003253
a s34+ 0.1437s2 + 0.0275s + 0.00147

Ay(s)

which is seen from Fig 13 to successfully bound the uncertainty within the frequency range of
interest. With Ay(s) at hand, the block diagram in Fig 14 is constructed to carry out y-synthe-
sis control design. The main goal is to match the response of the system to a desired response
contained in the block G (s), i.e. to minimize the error e,,. Similar to the independent SISO
design case, we ask for the diagonal channels to be well damped with a time constant of
7=1/3 s =0.333 5. Unlike the independent SISO design however, we have the opportunity to
specify the desired response for the off-diagonal entries, which would ideally be zero for

PLOS ONE | DOI:10.1371/journal.pone.0165017 October 26, 2016 22/36



@° PLOS | ONE

Investigation of MIMO Robust Control Methods to Handle Parametric Uncertainties in Autopilot Design

Loopshaping outputs (solid) under v, theta, phi, beta commands (dotted)
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Fig 11. States of perturbed aircrafts under loop-shaping control.
doi:10.1371/journal.pone.0165017.g011
perfect decoupling. In summary G .(s) is picked as
- -
s+3 0 0
3
0 s+3 0 0
G,.(s) = ; (69)
0 0 s+3 0
3
L 0 0 0 s+3

W, and W, are weighting filters for the error and inputs to select certain frequencies during
optimization for y-synthesis. It is natural to emphasize low frequencies for tracking purposes
so a first order filter with DC-gain 50, bandwidth 3 rad/s, and high frequency gain 0.02 is

selected

_0.02s+3
¢ 540.06

(70)

The inputs generated by the controller must adhere to the frequency limitations of the actu-
ators so we pick W, = G,, to represent this criterion.
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Loopshaping inputs (top row) and spectra (bottom row) under v, theta, phi, beta commands
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Fig 12. Inputs of perturbed aircrafts under loop-shaping control.

doi:10.1371/journal.pone.0165017.9012

Establishing correspondence between Figs 14 and 2, A is Ay, K is the block labeled “Control-
ler” and P contains everything else. The external inputs are w = [r n]”, where  are the reference
commands, and # is an output disturbance representing sensor noise, atmospheric effects and
so on. The overall outputs of the system are z = [efy, ] T which are the weighted error and
weighted input signals. The system is therefore in suitable for for D-K iteration described in
Section y-synthesis using D-K Iteration so the procedure is executed numerically using
MATLAB to design the controller. The procedure returned a K satistying sup,, y[M(P, K)(jw)]
< 0.9174 indicating a successful design in accordance with (Eq 42).

The results for the y-synthesized controller in closed-loop for the nonlinear aircraft with the
nominal parameter values is shown in Fig 15. The nominal performance is seen to be quite
good with accurate tracking and very little cross-coupling. The inputs generated by the control-
ler are also shown in Fig 16. The thrust and surface deflections remain within reasonable limits
at all times and the control inputs do not contain significant power at frequencies higher than
about 0.5 Hz. This ensures that the control does not cause any sharp thrust changes or wild
oscillations in control surfaces. The responses of the y-synthesized controller to perturbed non-
linear models are shown in Fig 17. One hundred Monte-Carlo simulations on the nonlinear
model were performed, allowing up to 20% perturbation in each aircraft parameter. It is seen
that the stability is never lost, and acceptable tracking performance is achieved for all cases.
The inputs to the aircraft are also plotted in Fig 18 showing that the inputs always remain
within reasonable amplitude and frequency ranges.

Remark. While the results above confirm robust performance and stability to the designed
amount of uncertainty (20%), the controller in practice is able to handle much higher perturba-
tions. We performed over 1000 simulations where we have seen that the performance remains
acceptable to around 34%, and stability is not lost up to around 43% parameter variation. This
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Fig 13. Third order multiplicative uncertainty model.

doi:10.1371/journal.pone.0165017.9013

is consistent with the knowledge that y-synthesis control design via D-K iteration can be sub-
optimal and produce conservative results.

Outer Loop and Blade Element Simulation Tests

As a final test, an outer-loop controller is wrapped around the attitude controller to generate
attitude references (r in Fig 14) from outer-loop references r,,er = [1, 7 1, 1] T These are the
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Fig 14. Block diagram for y-synthesis control design via D-K iteration.

doi:10.1371/journal.pone.0165017.9g014
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mu-synthesized outputs (solid) under v, theta, phi, beta commands (dotted)
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Fig 15. States of the nominal aircraft under uy-synthesis control.
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mu-synthesized inputs (top row) and spectra (bottom row) under v, theta, phi, beta commands
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Fig 16. Inputs to the nominal aircraft under y-synthesis control.
doi:10.1371/journal.pone.0165017.g016
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mu-synthesized outputs (solid) under v, theta, phi, beta commands (dotted)
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Fig 17. States of perturbed aircrafts under y-synthesis control.

doi:10.1371/journal.pone.0165017.9017

airspeed command, altitude command, heading angle command and sideslip angle command
respectively. The outer and inner loop collectively form a complete flight control system capa-
ble of navigation and landing. In this section the results are presented for both loops designed
with loop-shaping but similar outcomes were also obtained using y-synthesis.

The initial test is performed using pulse-type references both on the nominal model and
on perturbed models with up to 30% uncertainty. Plots in Figs 19-22 indicate good perfor-
mance for this situation. Finally, SIL simulations were performed with the flight controller
implemented in MATLAB/Simulink and the blade element simulations carried out by the
flight simulator X-Plane. The former sends thrust, elevator, aileron, rudder commands to the
latter and receives flight simulation results in real-time every 25 ms through user datagram
protocol (UDP) packets (Fig 5). Numerous scenarios with up to 30% perturbation were stud-
ied in this configuration with success and one is presented here as an example. In this case a
perturbed Cessna 172 cruising at 65 m/s and 1000 m receives appropriate commands for
maneuvers required to navigate to a target airfield, line-up with the runway, descend, flare
and touchdown. 74 is always zero for turn coordination and flight comfort. For the first 500
seconds the weather remains calm but after t = 500 s, the wind magnitude is steadily
increased, reaching 15 m/s during landing phase with the crosswind component reaching 7
m/s. Some oscillation in the states are unavoidable for high winds; nevertheless the flight con-
trol system responds well to the commands as seen in Fig 23. The control inputs applied to
the aircraft and their frequency spectra is presented in Fig 24, which are within practical lim-
its. The 3D trajectory is also visualized in Fig 25. Overall the flight control system maintains
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mu-synthesized inputs (top row) and spectra (bottom row) under v, theta, phi, beta commands
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Fig 18. Inputs of perturbed aircrafts under y-synthesis control.
doi:10.1371/journal.pone.0165017.9g018

Outer+inner loop outputs (solid) under v, ze, chi, beta commands (dotted)
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Fig 19. States of the nominal aircraft with loop-shaped inner and outer controllers.
doi:10.1371/journal.pone.0165017.9019
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Outer+inner loop inputs (top row) and spectra (bottom row) under v, ze, chi, beta commands
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Fig 20. Inputs to the nominal aircraft with loop-shaped inner and outer controllers.
doi:10.1371/journal.pone.0165017.9020

Outer+inner loop outputs (solid) under v, ze, chi, beta commands (dotted)
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Fig 21. Outputs of perturbed aircrafts with loop-shaped inner and outer controllers.
doi:10.1371/journal.pone.0165017.g021
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Outer+inner loop inputs (top row) and spectra (bottom row) under v, ze, chi, beta commands
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Fig 22. Inputs to perturbed aircrafts with loop-shaped inner and outer controllers.
doi:10.1371/journal.pone.0165017.9022

Outer+inner loop navigation outputs (solid) under v, ze, chi, beta commands (dotted)
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Fig 23. States of a 30% perturbed aircraft with inner/outer loop-shaping control during final test scenario.
doi:10.1371/journal.pone.0165017.9023
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Outer+inner loop navigation inputs (top row) and spectra (bottom row) under v, ze, chi, beta commands
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Fig 24. Inputs to a 30% perturbed aircraft with inner/outer loop-shaping control during final test scenario.
doi:10.1371/journal.pone.0165017.9024
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Fig 25. Trajectory of a 30% perturbed aircraft with inner/outer loop-shaping control during final test scenario.
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stable flight, responds well to commands received and executes the landing, even under unfa-
vorable atmospheric conditions.

Remark. The careful reader might notice that the thrust F, drops to zero around ¢ = 800 s in
Fig 24. This corresponds to the throttle being cut, which is a normal event within the landing
phase. When the aircraft is higher than desired during landing, reducing/cutting the throttle is
typical procedure; conversely the throttle is boosted if the is the aircraft is too low. Also recall
that strong winds are present during the landing phase. Thus the aircraft can be suddenly
pushed upward or downward by wind gusts, calling for a rapid correction from the autopilot.
A similar reasoning can be made for the other control surfaces. It should be noted however
that the long duration for the simulation (about 1000 s) compresses the plotted data and gives
the false illusion that the fluctuations are quite wild. Observing the frequency responses in the
bottom row of the figure reveals that the control inputs do not contain significant power at fre-
quencies higher than about 0.5 Hz. This means that the autopilot does not cause any sharp
thrust changes or wild oscillations in the control surfaces.

Conclusions

Two multi-input multi-output (MIMO) control design approaches were investigated to handle
parametric uncertainties in autopilot design for aircrafts. In real-life it is impossible to perfectly
determine geometry, mass and stability derivative parameters so some level of uncertainty is
inevitable. The study was carried out on the aircraft dynamics as a whole and not on individual
modes, which is essential to capture all the coupling effects. It was revealed that an attitude
controller working perfectly on individual nominal models can lose stability with a perturba-
tion as small as 2%. Robust MIMO design using loop-shaping and u-synthesis were presented
as remedies, which were seen to withstand high parametric variations of 30%, while retaining
good performance. As a final test, the attitude controller was augmented with an outer loop
controller designed also using loop-shaping, forming a complete flight control system. It was
confirmed through software-in-the-loop (SIL) verifications using blade element theory (BET)
that the autopilot is capable of performing navigation and landing under high parametric vari-
ations and strong winds.

Currently work is in progress for establishing hardware-in-the-loop (HIL) and flight test
platforms to validate the outlined design strategy [58-67]. Future research directions also
include studying alternative methods for the controllers and investigating the possibility of
reducing controller size.

Supporting Information
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