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CLOSED FORM EVALUATION OF MELHAM’S RECIPROCAL
SUMS
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Abstract. Recently Melham [1] gives closed formula for certain finite reciprocal sums. In this
paper, we present a different approach to compute these sums in closed form. Our approach is
straight-forward and simple. First we convert the sums in g-notation, then use partial fraction
decomposition and telescoping to derive closed formule.
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1. INTRODUCTION

Leta > 0 and b > 0 be integers with (a,b) # (0,0). For p a positive integer, define

the sequences {W,} and {W,} by
Wy =pWyp1+Wy— and W, =W,_1+ Wyt1,
where Wy = a, W7 = b.

When (a,b, p) = (0,1,1), we have {W,,} = {F,}, and {W,} = {L,}, which are
the Fibonacci and Lucas numbers, respectively. When (a, b, p) = (0, 1, p), we denote
{W,} = {Uy,}, and {W,} = {V,}, which are the generalized Fibonacci and Lucas
numbers, respectively.

Fork > 1, m > 0, and n > 2, the author [1] gave closed formulz for the following
finite reciprocal sums:

(1) For nonnegative integers m < my and m3 < mq4 with m1 +mp = m3 4+ my,

1

n

— Wi(+m1)+mWe(t-+ma)+m W kt+ma)+m W k+ma)+m

(2) For nonnegative integers m; with m; < m;y41 for 1 <i < 4 and positive

integer c,
Uski+om 2k(t+m1)+2m 2k(t+m2)+2m
i) ii) iii) .
Z P6(W W) t=21 Pe(W, W) t=z1 Ps(W, W)
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3)
H i 1 W Z U2k(t+c)+2mU2k(t+20)+2m’
= Ps(W. W) Pt Ps(W,W,c,2¢,3c)
4
H Z Uk t+m)+2m Ukt +mo)+2m Ukt +m3)+2m )Z
Pio(W. W) P12(W W)’

where P2r(W,W,m1,m2, ...,mMy_1), or briefly Py, (W, W), is given by
r—1
Por (W, W) = Wit 4m Wi m | [ Wett+mi+mWkt+mi)+m-
i=1
In this paper, we present a different approach to compute these sums. Our approach
is straight-forward and simple and works in all instances. First we convert these sums
in g-notation and use partial fraction decomposition. Using telescoping, we derive
closed formula for them.
The Binet forms are

Aa" — BB" _ gl (1—-¢q"B/A)
a—p (1-9)
W, = Ad" + BB" = Aa"(14q" B/ A)

" =p" 1 (1—g")
—_— = s
a—p (I-¢q)
where o, B=(pF V/p?2+4)/2,qg=B/a,a= iqj, A=b—aPf and B=b—aa.
_ We frequently denote the sequences {Wy } and {W 5} by {W,(4, B)} and

{Wa(A, B)}, respectively.

Wn:

and
Un =

Vo =a" +p" =a"(1+4"),

2. SIMPLE EVALUATION OF MELHAM’S SUMS
1. We start with the first kind of sums by converting them into g-notation:

" 1

= Wit+m)+m Wi +m)+m W k(t+m3)+m W k(t-+ms)+m

B (1—¢)?
T Adgk(mitmytm3+ma)+4m—2

n 2kt
x Z el
pot (1_qk(t+m1)+mB/A)(1_qk(t+m2)+mB/A)

1
x (1 + gk@+ma)+m B/ A)(1 4 gkG+ma)+m B/A)) ’
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where m1, mo, m3 and my4 are defined as before.
Without constant factor and writing z = ¢*¥ and g™ *™ = ¢¢ and B/A = a for
1 <i <4, we define

Z2

n
Sy = .
" ; (1—azg®)(1—azq®?)(1 +azq®) (1 +azq®)

Let

Z2

(1—azq®)(1 —azq®)(1+azq®)(1+azq)
The partial fraction decomposition of 7'(z) is

T(z):=

2
Z
(1—azqg)(1—azq®?)(1 +azq®3)(1 +azq)
C4
_ q
a?(q® +q°4) (g +q) (g% —q4)(1 +aq®4z)
q°?
T a2(qe +q) (g% + q4) (@1 —q2) (1 —aq®2z)
qc!
- a?(q +q°4) (g1 +q°3) (g —q°2)(1 —aq°'z)
q°

T 25— ) )@ + ¢ (1 +agz)’
The assumption m < m, and m3 < m4 with my +my = m3 4+ m4 means ¢y < ¢»
and ¢3 < ¢4 with ¢1 + ¢2 = ¢3 + c4. We write
Z2
(1—azgq®)(1—azq®)(1 +azq®)(1+azq®)
xa® (@ +q“) (g +4°) G —q°) (@ +9°) (G —4°) (@ +q°)

1 1
— _ 4C3(4C2 Cq C1 C4 C1 _ €2 —
q7@7+q")@" +4")@" —q )[1+aqc4z 1+aqc3z]

1 1
_ C2(,C1 cq c3 _ C4 C1 c3 —
972G +4")G" =4 (g™ +q )[l—anZZ l—aqclz]

and so
a2 T (14 g% 2) (1 =g ) (1+¢%72) (1 =g ™) (1 +¢%7N)S,

n

_ _ 1 " 1

t=1 t=1

n

_ _ 1 - 1
_(1_(]6‘4 C3)1+q03 CI)[Z 1—aqcl+cZ _Z l_aqclz]y

=1 t=1
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which, by the telescoping sum identity

zn:( 1 1 )_zb:( 1 1 )
N\l +azgbte 1+azq®)  “Z\l+azg"™  1+azq®
gives us

a’q (1444721 =g )1+ g2 (1 =g ) (1 + ¢S,

e 1 1

— (14 g4 2)(] — g2~ (
(I+4¢*)(1—¢ ); T a

an+C3 o 1 +aZC]C3)

c2—C1 1 1

—(=g A4+ Y (5
t=1

—azq”"'cl h 1 —azg® )

We write it in original form

(B/A)qu(ml +Mz)+ZM(1 + qk(m4—m2))(1 _ qk(M4—m3))

x (1+ qk(m3_m2))(1 _qk(m2—ml))(1 + qk(m3_ml))Sn
=—(1+ qk(m4—m2))(l _qk(mz—ml))

k(ma—m3)

1 1

X ; 1 +qtk+n+km3+mB/A - 1 +qtk+km3+mB/A)

_ (1 _qk(m4—m3))(1 + qk(m3—m1))

k(ma—m)

1 1
x ; 1_qtk+n+km1+mB/A_1_qtk+km1+mB/A)

or
A3B_2(X2(2m+kml+km2)
Sn:
A2Vic(m—m2) Vieoms—m1) Vicoms—m2) Uk ma—m1) Uk ma—m)
k(ma—ms3) otk+ntkmstm  tk+kms+m
X|:AVk(m4—m2)Uk(m2—m1) Y. (= —= )
P Wisntkms+m  Wiktkms+m
k(ma—my1) atk+n+km1+m atk-i—kml-‘rm
+ Uk(na—m3) Vieoma—my) - )}
=1 Wtk+n+km1+m Wtk+km1+m
and so

g 1

= Wi+m)+m Wi +ma)+m W k(t-+ms)+m W k(t+ma)+m
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1
 ABVimy—m2) Vitmz—m) Viems—m2) Uk(ma—m1) Uk (ma—ms)
k(my—m3) O(),‘k—i—n—f—km3—{—m atk+km3+m

)

k(ma—my) atk—l—n—i—km]—i-m atk—f-kml—}-m ):|

X [A Vk(m4—m2)Uk(mz—m1) b7 7a -
=1 Witntkms+m  Wikvkms+m

+ Uk (ma—m3) Vimz—m ) W W
=1 tk+n+km;+m thk+kmi+m

which is the desired evaluation of the first type of sums.
For example, we have

" 1 1 at2 g2 o
> ) ()
= Frt1Fri2lev1 Lot 2 Lyt+2 L> Fut2

and

" 1 1 o o >« of
> R D Gk B M ]
o FiFrealetilito 6 Lyyz 3 Fivn F

2. 1) The sums take in g-notation the form

n
Z U2kt+2m _A—6a5—2km1—2km2—4m(1_q)2

= Ps(W,W)

X

(1— q2k’+2m(B/A)2)

n (Ot_4kt(1 _q2k(t+m2)+2m)
t=1

1
(1=K Fm¥2m (B[ 4)) (1 —q2k<f+mz>+2m<B/A>2>) |

Without constant factor and writing z = g2k, g2mi = 4¢i 42" = ¢ and (B/A)? =a
for 1 <i <2, we consider
n

Sn IZZ Z(I—CZ)

— (1—acz)(1—aczq)(1 —aczq®)

Let

z(l1—cz)
T(z):= .
(1—acz)(1—aczq®)(1 —aczq®?)
The partial fraction decomposition of 7'(z) is

_ z(1—cz)
T@) = (1—acz)(1—aczq)(1 —aczqc?)
(1-a)

T @2c(l—acz)(1—g°)(1—¢%)



256 E. KILIC AND H. PRODINGER

(1-aq®)
a?eqr(1—acq®z)(1—g°2)(1—g21)
(1—aq‘")

T g (1—g ) (I —acge2)(1—g 1)’

The assumption 0 < m1 < m, means c; < ¢,. By telescoping, we write

S (1—a) i( 1 1 )
T a2e(1—g€r)(1—g°2) —\l—acq"z  l-acz
Cc2—C1

(1—aq®?) Z 1 1 )
a?eq(1=q®2)(1=q®271) = \M—aczg"™  1-aczq®

and so we obtain

n

)3 Uzki+om _ (A% —B?)
Ps(W,W)  A2B*AUskpm, Ui,

t=1
2km o 2tk+n+2m+3 o 2tk+2m+3

— \Watkcinyam (A2, B?) - W2tk+2m(A2,Bz)>

_ W2km2(A2’Bz)
A2B*Usim, Unk(my—m )

X

Zk(misml) o 2tk+n+2km+2m+3 o 2tk+2km+2m+3
x _ )
= \Warksn+2kmi+2m(A%. B?)  Warkciokm, +2m (A%, B?)

where A is defined as before.
ii) Now we write the second class of sums in g-notation as
U
Z 2k(t+m1)_+2m _ A—6a5—2km2—4m(1 . q)z
Ps(W.W)

t=1

5 i q2kt(1 _q2k(t+m1)+2m)
(1 —q2kf+2m(B/A)2)(l _q2k(t+m1)+2m (B/A)z)

t=1

1
x (1 _qzk(t+m2)+2m (B/A)Z)) )

Without constant factor and writing z = g2k, ¢2k™i = 4 and (B/A)? = a for
1 <i <2, we define the sum

S = i z(1—czg)
T = (1—acz)(1—aczq®)(1 —aczq©)’
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Let
z(1—czg“
T(z):= (1=czq™) .
(I1—acz)(1—aczg)(1 —aczq®?)
Similarly as before, by using the partial fraction decomposition of 7'(z) and telescop-
ing, since ¢ > c1, we obtain

C1

1 l1—a 1 1
Sp = ( -
" azc(l—qCZ_Cl)[l—qcl ; l—aczq" l—acz)

l1—aqg™ ¢! i( 1 1 )
1—gc¢2 l—aczq"® 1—acz/ |

t=1
Thus we get the result

Xn: Uak(e+mp+2m _ o?mt3

t=1 P6(W7W) B4A2U2k(m2_ml)

(A2~ B?) 2km o2kt+n o2kt
|: AUskm, = \Wark+2m+n(A2,B?)  Warkiom(A2, BZ))
~ Wzk(mz—ml)(AZ’ B?) 2km2 o 2kt+n - a2kt )]
Uzkm, — \Warktom+n(A%, B2 Warkiom(A%, B?)/ |

t

where A is defined as before.

For the next sums, we only present the key steps, as the procedure is always the
same.

iii) Consider the sums and its g-form

n

Z U2k(t+m2)_+2m _ A_6(x5_2km1_4m(1 _q)2
Ps(W, W)

q2kt(1 _qzk(t+m2)+2m)
(1 _qzkt+2m (B/A)Z)(l _q2k(t+m1)+2m (B/A)z)

t=1

5%

=1

1
X .
(1— qzk(t+m2)+2m (B/A)z))
Without constant factor and rewriting the parameters, we consider the sums

n

z(1—czq®
Sn:=2 ( q?)

= (1-acz)(1—aczq®)(1—aczq®)’

Here by the partial fraction decomposition
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z(1—czq®) 1 (a—q°)
(I—acz)(1—aczq) (1 —aczq®) %((1 —acz)(1—¢q°)(1—q°)
g '(1—-a) (@a—q=") )
(1—acq®2z)(1—g2)(1—q21)  (1—g)(1—acqrz)(1—q21)/"
and using telescoping, since ¢, > ¢1, we write

1 [a(l—qcz—ﬁa-l) C‘( 1 1 )

a2c(1—gc2—cr) 1—g© l1—aczq" l1—acz

Sn:_

q~ "1(1— ) 1
+ - Z(l—aczq l—acz)]

and obtain the result

n
Z Uak(e+mo)+am _ 1
—  Ps(W.W) B* A2Usk (my—m)
VVzk(mz—ml)(Bz7 Az) 2kmi o2kt+2m+tn+5 o2ktt2m+5 )
[ Uzkm, — \Wakry2m+n(A% B Waks1om(A%, B?)
(A2~ B?) 2km> o 2ki+2m+n+3 o2kt +2m+3
(@ =B Uskm, =1 \Waki+2m+n(A% B?) Wzkt+2m(A2’32)):|

3.1) For 0 <m; < m, < m3, we consider the following sums in its g-form

n
1
Z A—8 8—2km—2kmr—2kms— Sm(l q)4
Pg(W W)

ZZ

> .
— (I—acz)(1—aczq®)(1 —aczq®?)(1 —aczq®)

Without constant factor, we only consider the sum

ZZ

Sp = .
" ; (1—acz)(1—aczq)(1 —aczq)(1 —aczq®3)

By partial fraction decomposition of the summand and using telescoping, we write
22 g1t (1= (1=¢°2) (1 =) (1 =¢=72) (1 —¢2 1) (1 - ¢S,

1
— €3 1— c1+cr2—c3 1— c3 1— (,'2 c1
41— (1) )Z( —er o)

1
_q03(1_q02_01)(1 01)(1_ 02)2( acq b 1—acz)
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ca2—cC1
1 1
€2(1 —g€37°2)(1 =g°)(1 —g€3 _ .
#0200 =00 -0 (=g~ acgez)
Consequently after converting it back into the original form,
Yo
= Ps(W. W)

O[2m~l-4

B A2B4U2km1 U2km2 U2km3 Uzk(m3—m2) U2k(m2—m1) Uzk(m3—m1)

X |:U2k(m1+m2—m3)U2km3 Unk(my—m))

2km> o2tk o2tk
x Z W (A2 Bz)_W (A2 B2))
=1 n+2tk+2m ) 2tk+2m ,
2km3 o2k 2tk

— Uak(my—m 1) Uzkem, Uzkm, Z
=1

+ U2k(m3—m2) U2km2 U2km3

. )
Wasatk+2m(A2,B2)  Warkyom(A2, B2)

2k(ma—m1) ot t2tk+2km, o 2tk+2km, )}

X —_—
; Wi tatk+2km,+2m (A2, B2)  Wask 1okm, +2m(A2, B2)
3. i1) We now consider the sums

i Ukt +g)+2m Uk +2¢)+2m

Ps(W,W,g.28.3g)

t=1
Converting it into g-form and rewriting the parameters, that is, z = qz’ k, qzm =c,
g*¢ = ¢4 and (B/A)? = a, we get
A_8a6_6gk_4m(l—q)2i z(1=czq?)(1—czq?) .
(1—acz)(1 —aczq?)(1 —aczq??)(1 —aczq3?)
Without constant factor, we consider
n d 2d
z(1—czq®)(1 —czq*?)
$ni=3 P -ccy

— (1-acz)(1 —aczq?)(1—aczq?d)(1—aczq3?)’

By partial fraction decomposition of the summand of S, and using telescoping, we
obtain

1
S, =
T ade(1-g)2(1-¢2)




260 E. KILIC AND H. PRODINGER

d
x[(a—qd)(l—axl—q”)z(l : L)
t=1

—aczq" l—acz

3d

1 1
—(1—ag®H(1—aqg?>H(1 -4 ( - )
(1-aq?)(1-ag®?)( q); [—aczqg" 1—acz

2d 1 1
F—agh1 -0 -¢*) Y (- )|
=1

—aczq™ l—acz

Thus we get

n

Z U2k(t+g)+21U2k(t+2g)+2m
Ps(W.W.g.,2¢8,3g)

B 1

B BSAAUZ Usig

t=1

|:W2kg(Bzv A%)(A? — B*)Uskg

g2mn—6gk+2ki+4  2m—6gk+2ki+4
x - )
= \Watokrvom(A%, B?)  Wagrypom (A2, B?)
2 p2 2 p2
_AWZkg(A B )W4kg(A .B )Uzkg
3d  omtn—6gk+2ki+4 o 2m—6gk+2ki+4
x - )
= \Watokrvom(A?, B?)  Wagryom (A2, B?)
2 p2y 42 p2
+ Wagg (A%, B*) (A" — B*) Uskg
2d  om+n—6gk+2ki+4  2m—6gk+2ki+4 )]

— \Watokr+2m(A%, B?)  Waksiom(A%, B?)

X

t
where A is defined as before.
4.1) For 0 < mq < mp < ms < my, we consider the sums

i Uk (t+m)+2m Uk t+ma)+2m Ukt +m3)+2m

Pro(W, W)

=1

If we convert it into g-notation and write z = ¢2t%, ¢2™ = ¢, ¢%k™i = 4% and
(B/A)? = afor 1 <i <4, then the sums above equals

AT10GT=2kma=dm (| _ 42

xXn: z(1—czg“V) (1 —czq®)(1 —czq®?)
— (1—acz)(1—aczq)(1—aczq®)(1—aczq®)(1—aczq)’
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Without constant factor, we consider the sums

_ Xn: z(1—czq)(A—czg?)(1 —czq®)
(1—acz)(1—aczq)(1 —aczq®)(1 —aczq®3)(1 —aczq)’
The partial fraction decomposition of the summand is
2(1=czq) (1 —czq®)(1 —czq®)ac
(1—acz)(1—aczq)(1 —aczq®)(1 —aczq®)(1 —aczq®)

5 o) )
N 1—acq®z 1-—acz l—acqg®z 1—acz

1 1 1 1
+D( ~ ) E( )
1—acq®z 1—acz 1—acq®z 1—acz
where
a*(1-a"'q)(1—a"'qg?)(1-a"1q%)
(1—=g)(1—g°)(1—q)(1—q)
_ a*(1—a'¢®™ ) (1 -a" ¢ (1—a)
C(I—g) (1 —geen)(1—ge=e) (1 —gea—er)’
a(l—aq® ) (1—a"'q®7)(1-a)
(1—g°)(1—gq2=1) (1 —ge32)(1 —gc4=c2)’
_ (1—aq=™ ") (1—aq="?)(1—a)
T (1—g3)(1—geen) (1 —ge37e2) (1 —ga=¢3)’
_ (=ag®™ (A =aq“™ )1 —ag™“™3)
T (=g (1 —geamen) (1 —ge4=e2) (1 —ge4—¢3)’
notetht A=C+E—B—D.

Then by telescoping and converting the sums into the original notion and taking
care again about the omitted factor, we obtain

2": Uakt+m)+2m Uk +mo)+2m Ukt +m3)+2m

pyrt Pio(W, W)
_ (A% — B?)o?mt> ( Wk (ma—m1) (B, A )Wakmy—m,) (B>, A?) T
AA®B3 Ustem, Uzk(ma—m1) Uzk(mz—m 1) Uzkma—m )

Wak(ma—m1) (A%, B?) Wak ms—m») (B>, A%)
Uakems Uzk(ma—m1) Uzk(ms—m2) Uk (ma—m)
Wzk(m3—m1)(A2’BZ)WZk(m3—m2)(A27BZ)
Uakems Uk (ms—m1) Uzk(ms—m2) Uk (ms—m3)
AWzk(m4—m2)(A B2 Wak(ma—m1) (A%, B W (my—ms) (A Bz) )

(AZ Bz)Uzkm4U2k(m4 ml)U2k(m4 mz)UZk(m4 —m3) ’

+ T

T3




262 E. KILIC AND H. PRODINGER

with @ — 8 = A and the sums

2km; o2tk 2tk

o

T; = - )
l ; Wototk+2m(A2, B2)  Watkyom(A2%, B?)

4.11) For 0 <mq <my < m3 < my < ms, we consider the sums
>
= Pa(W.W)

2m

If we convert it into g-notation and write z = qzrk , 7" =c, qzkmi = ¢¢ and

(B/A)2 =a for 1 <i <5, then it equals

6
(1-9)
A 12a2(6m+km1 +kmo+kmsz+kma+kms—6)

Z3

n
>3 .
= (1—acz)(1—aczq) (1 —aczq®) (1 —aczq®) (1 —aczq®) (1 —aczq®s)

Without constant factor, we consider the sums

n 3

. Z
Sn = Z ((1 —acz)(l—aczg®) (1 —aczq©?)

t=1

1
x :
(I—aczq®)(1—aczq®)(1 —aczch))

By partial fraction decomposition of the summand and using telescoping, we write

n
1 1
3.3
o N S
@con ; l—acq®z 1—acz
n

n 1 | . |
+E;(1—dcqc4z_ l—dCZ>_D;(1—acqc3z_ 1—acz,>

n

n
1 1 1 1
cX( RETI RN “ec)
+ ; l—acq®2z 1-—acz ; l—acq®z 1—acz

where
A= 1
T (=g (1—g2)(1—g°3)(1—g4)(1 —g%)’
qZCl

B = ,
(I=g1)(g —q°2) (g —q“3)(q° —q4)(g°' —q°5)
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2¢2

_ q
C(1—g°2)(g°1 —q°2)(q°2 — q°3)(q°2 —q°4) (g2 — q°5)’
q263

D= ,
(1—=¢°3)(g°' —q°3)(q2 —q°3)(q°3 —q°4)(q°> —q°5)
q26‘4

T (1=4)(q° — )@ —q) (G —q°) (@ —q%3)’
qZCS

F = :
(1—=¢%5)(q° —q°5)(q2 —q°5)(q°3 —q°5) (g —q°5)

notethat A=F—-E+ D—C + B.
Consequently, we obtain

& 1 _ afA
,:1P12(W,W) A®BS

1
X (— Ts
Uskems Uk (ms—m1) Uk (ms—m2) Uk (ms—m3) U2k (ms—m.a)
1
+ Ty
Usiems Uzk(ma—m 1) Uk (ma—mo) Uk (ma—m3) U2k (ms—ma)
1
_ T3
Untems Usk(ms—m1) U2k (ms—mo) U2k (ma—m=z) U2k (ms—m3)
1
+ 2
Ustems Uzkma—m1) U2k (m3—m2) U2k (ma—m») U2k (ms—mo»)

1
_ T1),
Uniemy Uak(ma—m1) U2k (ms—m1) U2k (ma—m1) U2k (ms—m )

where the sum 7; is defined as before.

Of course, we could invent many more examples, but we think that the message is
clear now.

It should be noted that our elementary method can always be used to simplify
sums of the type considered here; even if they do not telescope, they lead to simpler
answers.
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