CLOSED FORM EVALUATION OF SUMS CONTAINING
SQUARES OF FIBONOMIAL COEFFICIENTS

EMRAH KILIC AND HELMUT PRODINGER

ABSTRACT. We give a systematic approach to compute certain sums of
squares of Fibonomial coefficients with finite products of generalized Fi-
bonacci and Lucas numbers as coefficients. The technique is to rewrite
everything in terms of a variable ¢, and then to use generating functions
and Rothe’s identity from classical g-calculus.

1. INTRODUCTION
Define the second order linear sequences {U,} and {V,,} for n > 2 by
Up=pUp—1+Usn—2, Uy=0, Uy =1,
Vn:pvn—1+vn—27 ‘/0:2, ‘/1 =Dp.

For n > k > 1 and an integer m, define the generalized Fibonomial coefficient
with indices in an arithmetic progression by

{n} L UmU2m . Unm
k Usm . (UmU2m cee Ukm)(UmUZm cee U(’rL—k)’m)

with {S}U_m = {Z}U:m = 1. When p = m = 1, we obtain the usual Fibono-
mial coefficients, denoted by {Z}F When m = 1, we obtain the generalized
Fibonomial coefficients, denoted by {Z} U

A special case is the nth central generalized Fibonomial coefficient with in-
dices in an arithmetic progression, defined as {%?}U,m. When m = p = 1, we

obtain the nth central Fibonomial coefficient, denoted by {27?} p- Our evalua-
tions will be in terms of such numbers.

In this paper, we present three sets of identities which are expressed in the
notion of {Z}U‘m. More importantly, we describe a general methodology how to
evaluate the sums occurring in them, as well as many others.
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Our approach is as follows. We use the Binet forms
a — " 1-q"
Un = — = n _—
a—f « 1—g¢
with ¢ = B/a = —a~2, so that a = i/\/g where o,8 = (p = V/A)/2 and
A =p?+4.
Throughout this paper we will use the following notations: the g-Pochhammer
symbol (z;¢), = (1 — 2)(1 — zq) -+ (1 — 2g"~!) and the Gaussian g-binomial
coefficients

and V,=a"+8"=a"(1+4q")

The link between the generalized Fibonomial and Gaussian g-binomial coef-

ficients is
" — o=k | with ¢ = —a~2.
k Uym k qm

We recall that one version of the Cauchy binomial theorem is given by
n k+1 n
>l 3] =Tl aat),
q k=1

and Rothe’s formula [1 ] is

n N n—1
S} = i, =TT -0,
k
k=0 q k=0

All the identities we will derive hold for general ¢, and results about general-
ized Fibonacci and Lucas numbers come out as corollaries for the special choice
of q. We will frequently denote {Z}U;1 by {7},

Recently, the authors of [4, 3] computed certain Fibonomial sums with gen-
eralized Fibonacci and Lucas numbers as coefficients. For example, if n and m
are both nonnegative integers, then

2n 2m —1
Z{k}U@m Dk = an{ }U(4k 2)ns

k=0

2n-+1

2n +1

Z { k }U2mk = n ,m Z { 2%k }U(2n+1)2ka

k=0

2 [2n " (2m - 1
Z { k. }‘/(Qm_l)k = Pn’m Z { }‘/(4]@‘ 2)17,7
k=0 k=1

2n+1
2n+1
Z { k }Vémk— an{2k}‘/(2n+1)2ka

k=0
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where

n—m
[T Vo if n>m,
_ k=0
Pn,m - m—n—1

1 Vo' if n<m;
k=1

alternating analogues of these sums were also presented. In particular, if m is
a small number, we can think about this as the closed form evaluation of the
left-hand side in terms of the finitely many terms of the right-hand side.

In this paper we investigate similar sums, but the Fibonomial coefficients
appear in squared form. The approach works for Fibonacci and Lucas (-type)
numbers as factors likewise. We only discuss the Fibonacci case, but add two
Lucas examples at the very end of the paper.

We would like to end this introduction by pointing out a few papers that are
similar in spirit than our current investigation: [2, 5, 6].

2. A SYSTEMATIC APPROACH

We are interested to evaluate

n 2
n
> {k} Unik+ry - Uxohtr,

k=0 U

in closed form where r; and A; > 1 are integers. For that, it will be translated
into g-notation:

n 2
(1-¢q)* Z(_l)k(n—l)q—k(n—k) [;j FOTH AN R —s
k=0 q
> qg—%(A1+~~~+As)—%(n+-~+rs)(1 _ q/\lk—i-n) o (1— qksk-i-rs).
For our method to work, the factor (—1)¥ must appear. That means that we
have two possibilities:

e niseven and Ay +---+ A; =0 (mod 4)
e nisodd and A\; +---+ As =2 (mod 4)

On the other hand, if

e niseven and Ay + -+ Ay =2 (mod 4)
e nisodd and Ay +--- 4+ A; =0 (mod 4),

then we are able to evaluate
n 2
n
Z{k} Uniktrs -+ Unoboar, (1)
k=0 U

in closed form.
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Here is how it goes: Expanding the product
(1 _ q)\llc-i-rl) L (1 _ qz\sk—&-rs)

and ignoring constant factors, we have to evaluate a finite number of terms of

the form
n 2
o]
k=0 klq
where p is an integer. Now we will explain how this can be done.

n

3 (—1ygh ko [ZE = ¢~ () 37 (—1)fg)+ (") Huk {Z] q {n " IJ q

k=0
and

sl 1]
(B #)-(ZO0 )

k>0 k>0

= [2"]

= [2"](2¢"; On (=2 On-
The point is now that there are factors (1 — z¢*) and (1 + z¢%) that can be
combined to (1 — 22¢?"). (That is the reason that we need the factor (—1)* in
our sums, as mentioned before.) In fact, there are n — |u| such pairs, and only
2|p| separate factors. They mess up the final result, but since p is a constant
(not depending on n), there is no principal difficulty involved. We have again
to evaluate a finite number of terms of the form

n—a]

[2"12%¢"(2°¢% @) = [2" 10" (Z%0% ) nm -

This is either 0 for n — a odd or

qb+w |:n - |/’6|:| (_1)";aqn—a
a2

n—a

2

otherwise.
Eventually we end up with a (finite) linear combination of terms of the form

{n - Iu]
nga q2

for some integers p and a. The final step is to translate such a result back to
n—|pl
n—a)/2 U;2
and the recursion of second order for U,,.

In the remaining sections, this general program will be demonstrated in more
detail on two examples, one for n even and one for n odd. Further, we will list

several attractive formulee that were obtained using the procedure just described.

expressions in terms of { ( and simplify according to the Binet formula
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3. ILLUSTRATIVE EXAMPLES

Now we work out four examples that fall into the general scheme mentioned
above in more detail. Also we will present some further examples without proof.

Theorem 1. For nonnegative n,
2n
Z {2n}2U2 _ A{Qn} Ug’nUzn+1
L—0 k 2k n U;2 V2n—1v2n ’
where A is defined as before.
Proof. First we convert the left-hand side of the claim in g-notation:
2n 2 2n 2
2n 2 1 20" ok2n—k) 2(2k—1 2k\2
Z{k}U%:(l_q)QZ A e O
k=0 L% 1q

o, 72

2 Z 2n a4k+4kn72k2(1 _ q2k)2

l—q _k:_q
-271-2 2 2
_ jaktakn—2k? |~ (4k-+4kn—2k")
1_q22 ), g
x (1-2¢°% +¢*)
2n 2 n—
= l—qQZ{ ] kk —2k 2k(172q2k+q4k).

k=0

3(2n—1) 1—¢°™)*
] a —°

Second we convert the right-hand side of the claim in g-notation:
o2n =gt
(1-q)

2n []3 UQ +1 2 (2n
A 2n n — _ 2 2n
{ n } T = (@=p8)a 20211+ 2 1)a2n (1 + ¢2n)

U;2 ‘/2n71V2n n
_ a2n(n+2) |:2n:| (1 — q2n)3(1 B q2n+1)
n 2 (1 + q2n—1)(1 + q2n)(1 _ q)2
2n+1)

_ n _—n(n+2 2n (1_q2n)3(1_q
SR M e e et

Thus we need to prove that

2 2n 2 2
Z |:k] (71)qu 72kn72k(1 - 2q2k: + q4k)
q

k=0
_ (_1)n+1q_(n+1)2 |:2’n:| (1 — q2n)3<1 — q2n+1)
> (L+ ¢ (1 +¢*)
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2n 2 2n 2
S, = Z ﬁ?] (—1)FgF 2 g, — Z [2]:} (—1)kgh’—2kn—2k

k=0 q k=0 q
2n QTL 2 )
_ k k*—2kn+2k
and Sg—kgo{k]q(—l) q .

Now we consider Sy:

3 [ o

k=0 q

—2n%+n ]E;)n} > F}?] qq(g)zk . I;) [QnQZ k] q( 1)kq(2n5k>zk
- q_2"2+" [ 2"} k>0 ﬁﬂ qQ(g)Zk k>0 [zlﬂ q(_l)kq(g)Zk
—2 220 (23 )an (2 @)2n
2 220 (225 4)an
=g Bﬂ qz( 1)7¢*)
=q " (-1)" Fﬂ B

Now we consider Ss:

2n m 2
_1)k k2 —2k(n+1)
Z{k] (—1)*q

q

S ] d S]]

k>0 q k>0
__—2n%4n [.2n 2n Y2k _k 2n k(%) Kk
e b FEEES S WIS
k>0 q k>0 q
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— 2 —
=q 2n“+n [ZZn] (z2;q2)2n_2(1 —2q 2(1 _ q2n>(1 +q)
_ q73z2(_1 o q4n + q2n+1 + q2n71 + 2q2n)

3214 )1 — M) + q4n76Z4)

_ —2n +n [ ] 22, ¢%)2n_2 (1 — g3 (=1 — gt 4 L 2l 4 9g2ny2

4n6>

2 +n<[2 ) 2} C1yng(®)

n-1\ [2n — 2
—q ( 1- q4n + q2"+1 + q2n b 2q2n)( 1)n_1q2( =) [ ]
q

n—1
n—2y[2n — 2
an—6(_1\n—2,2("37)
+q" P (=1)" g w2,

2

[271—2

LZ(—l)”q‘"

n

+ q—n2—2n—1(_1 gt Pt 2l 2q2”)(—1)” Fn — 2} -
2
A similar computation evaluates Ss:
S5 = a2 2] (2% %o (14 2(1 = ¢*)(1 + q) + g™ 25
— @ (14 @+ T 207" — ) = PP 1+ ) (1 - q2”))
— gt [22"] (224" ¢®)2n—2 (1 4 gint2 A
— ¢ (14" + P 247 - q4"))

_n2? n n 27172
=2y 217
q2

n

7n2 n— n n— n n n 2TL72
+q +2 1(71+q2 +1+q2 1+2q2 7q4 )(71) [n_l] )
q2

Thus our sum in ¢-notation is

2n]? >
Z {]{7}] (—1)kgh™=2hn=2k(] _9g2k 4 odky _ g, g, 1 G,
q

k=0

— q—(n+1)2(_1)n+1 |:2n:| (1 _ q2n)3(1 — q2n+1)
: (L+ ¢ )(1+¢*)



8 EMRAH KILIC AND HELMUT PRODINGER

as claimed. 0

Theorem 2. For nonnegative integer n,

plase 2n+1 2 9 k Vi U2n+1U2n+2 2n+1
> U3 (-1 = ~2¥iUame Uiz .
k=0 k Van " Us2

Proof. First we convert the left-hand side of the claim in g-notation:

2n+1 2
2n+1
> {0 v
k=0
2n—+1

g
- (1—¢)p? 2

on + 177 2o
[ L ] ( 1)qu 2k Sk(l q2k:)2'
k=0

q
Now we convert the right-hand side of it:

_ 2V1U2n+1U2n+2 {271 + 1}
Van nJup

oy —man? (L1 — (1 — ) 20 + 1
2(-1)"q 1+ ¢2)(1—q)? [ n LQ.

Thus we must prove that

2n+1 2
Z {2”+ 1] (_l)qu272kn73k(1 _PRy?

k=0 k q
_ g(_q)rH g2 1+ - A —g>"*)[2n+1
0+ ) no e
Let
2n+1 2 2n+1 2
2n + 1 2 _okp— 2n+1 2_9okn—
S, = Z [ ) ] (_1)kql~c 2k 3k, Sy = Z |: L :| (_1)qu 2k k’
k=0 q k=0 q
2n+1 2
2n+1 k k2 —2kntk

Thus for Sy, consider

2n+1 2
2n +1 2 opn—
S, = }: [ . } (—1)kgh" —2kn—3h
k=0
2n—+1

—on2_n 2n+1 2n +1 ko (20AR) (5)—2k
= —1 2 2

q kz_o{ k L[Qn—i—l—kq( Jha g
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_ g ] 3 [%Ij 1] OIS [2”]: 1] (1)g) 2k
k>0 q k>0 q
—2n’%—n [Z2n+1] (

=q Z/q2;4)2n+1(*Z;Q)2n+1

= ¢ 2 (1= 2/q)(1 - 2/¢%)(2 @)an

(1+2¢*" (1 + 2¢*") (=2 Q)an—

= ¢ 2 [ ] (zQ; *)on-1(1 =2 2 (1 +q)(1 — ¢*"*)
+ 22q73(1 . q2n+2 + q4n+2 _ q2n . 2q2"+1)
2 4 ) (1 — ") + q4n—424)

= =22 2] (2% P (L + ) (1 — )

2
+ q—Qn +n—4 [ZQn—Z] (22§q2)2n71(1 +q)(1 _ q2n+1)
2n —1

= (=) (@7

n— 277, — 1
4 q—2n2+n—4q2( 21) |: :l (_1)n—1)
q2

X

n—1

n—1_—n?—2n— n 2n—1
o) 2L 4 g)(1 - ¢ +1>[ ] |
q2

n
Next,
2n+1 2
2""‘1} k k?—2kn—k
> (—1)kgk —2n
k—0|: Bl

= g2 2] kZZO [271,:_ 1](161(;)2’“ > [Qn,: 1]q(—1)kq(§)zk
o [an]

2q)2n+1(—2; @) 2nt1

2
—_ q—2n —n [22n+1] (22§q2)2n+1 =0.

A similar computation gives
n_—n?+42n 2n+1 n—1
Se =2(—=1)"q (1+q)d—q") :
q2
Thus our sum in ¢g-notation is

2n+1 m + 1 2 )
Z |: i :| (_1)qu —2kn—3k(1 _ 2q2k + q4k) =S, — 285 + S
k=0 q
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ety QOO 2 o
(1 + q2n) q2a
as claimed. m

n

Now we will present some other results without proof:

Theorem 3. For any integer r and nonnegative integer n,

(1)
S vt {2
k k+r — Y2n+1Y2n4+1427 3
k=0 U n U;2

(2)

2n+1 2

2n+1 2n

E { k } U2k+r - U2n+1 ‘én+1+r{ } 3
k=0 U ")y

(3)

2n+1 2
2n+1 2n—1
E { I } Ugopr(—1)% = _2U2U2n+lv4n+2+r{ n }

k=0 U U;2

Theorem 4. For any integer r and nonnegative integer n,

(1)

Qi {271}2 {Qn}
k=0 k U n U;Q,

(2) )
™ (2n) 2 m—1
{k} (1)’“U2k+r2U2n+r{ } :
k=0 U n U;2

(3)

2n 2
2n 2n — 2
k } U]?- - U2n—1U22nU2n+1{ 1 } 3
=0 U n-— U2
(4)
2 (2n) 2 m+1) [2n—3
Z{ } (—1)'U3, = 2AU3U4n{ } { } ;
P k) 3 vln—=2)4,

where A = p? + 4 is defined as before.

Theorem 5. For nonnegative integer n,

(1) -
n+ 2
2n+1 2n
DR AR SFEIC SR L
U;2

n
k=0
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(2) . )
> {2:} Var, (—1)F = QVzn{an_ 1} :

k=0 U;2
where A is defined as before.
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