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ABSTRACT. In this paper, we define two kinds variants of the super Catalan matrix as well
as their g-analoques. We give explicit expressions for LU-decompositions of these matrices
and their inverses.

1. Introduction

For a given sequence {a,},.,, the Hankel matrix is defined by

apg aip az
ay az as
a2 asz a4

One can obtain a combinatorial matrix having interesting properties from a
Hankel matrix. For example, the Hilbert matrix H,, = [h;;] is defined by h;; =

i+g1'71 (for more details, see [2, 4]) and the Filbert matrix ¥, = [f;;] is defined by
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fij = ﬁj_l (see [1, 6]). Clearly they are of the forms
11 1 1 11
I oLk
H,=| 1 % 1 and F, = | Rt B B :
3 4 5 F, F; F4

where F,, is nth Fibonacci number.
Throughout this paper, we will use the g-Pochhammer symbol

(z;¢0)n =1 —2) (1 —2q) ... (1 — xq"_l)

and the Gaussian g-binomial coefficients

It is clearly that

ml]- )

where (Z) is the usual binomial coefficient.
The Cauchy binomial theorem is given by

kz":_oq(kzl) m = kl:[l (1+ 24",

and Rothe’s formula (see [2]) is given by

S (-1)F ) m o = (x;9)n = 1:[ (1—2q").
k=0 q k=0

Prodinger [3] consider the reciprocal super Catalan matrix M with the entries

m; = 1(12(;;(]2)5: and obtain explicit formulae for its LU-decomposition, the LU-

decomposition of its inverse, and some related matrices. For all results, g-analogues
are also presented.

We rewrite the matrix M in terms of three binomial coefficients, two of them is
in the reciprocal form, as shown

=t == () () (F)

By inspiring the matrix M, we consider two kinds variants of it by keeping
only one binomial coefficient in reciprocal form in the first one and two binomial
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coefficients in reciprocal forms in the second one. Also we will add two additional
parameters to each one. Now we define these matrices: The first one is the matrix
A = [a;;] of order n with the entries

2i+m\ (2 +t\ i+
AR j i

and the second one is the n x n matrix B with the entries

y (% “Lroi N i\
ij — i ] i )

where m and t are nonnegative integers and all indices of these matrices start at
(0,0).

We write the matrices A and B which are the g-analagues of the matrices A
and B, respectively. We give explicit expressions for LU-decompositions of these
matrices and their inverses.

By help of a computer, LU-decompositions of these matrices were firstly ob-
tained and then we have achieved the formulas by certain skills especially guessing
skill. Using g-Zeilberger algorithm [5] and elementary matrix operations, the proofs
are given as combinatorial identities. We will discuss a few of them here rather than
all of them.

2. Decomposition of the Matrix A

The matrix A = [a;;] has the entries d;; = [

IN

2i+m] [2j+t] -1 [i+j]
i gl g 1y L
n — 1. Now we will give expressions for LU-decompositions L1U; = A and LyUs =
AY for LY, Uyt and for Lyt Uy ' by the following theorem.

qfor0§z,j

Theorem 2.1. For m,t > 0,

g = [ 005,
@), = ot [ e
ey =TI

5, = oo P
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(Lo), = (1) g0 )-(74 [22’ + 1 q [n —j- 1} q [23' + 1} q

1 ] 7

7

MEZAS! R
i J

q q
i = e P BB
q q al”Jq q
(Ua);, = (=1)i q("*;’*l)f("’;"l)f(nfifl)(zwl) [%;—tL L fj_i IL’
X[i+j:| [i+j]_1{2j+m]_17
A ) S I J q
), = o] 0] o] o
L L T S

-
el
t4+5+1 q

n—1 -1
_ 12 2k +m 2k +t
det A = H q [ i } [ i .
k=0 q q

and

Proof. To prove LlLfl = I,, where I, is the identity matrix of order n, consider

S L) (L), = (-1 [mjm]q{?jfmyl 3 (1)) mqmq

J<k<i J 4 j<k<i J
Since
W5 B
klglily  Lilglk—Jl,
we have

Z (Ll)ik (Lfl)kj

J<k<i

= [% er m} p [Zj ;L m} q_l m qjgkgi(_l)kq(kQJ) [’Z_é] q

PP ILE et
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Using Rothe’s formula, we see that (1;¢);—; is equal to 1 if ¢ = j and 0 otherwise.
Then we get
—1
Z (L) (L7 )kj = 0ijs
J<k<i

as claimed, where §; ; is Kronecker delta. For U; and U; !, we write

> Oy (U7,

1<k<j
; . -1 )
2[2i+m] [25+m i (i=my_jz k] [J
S N e e
! q J q i<k<j tlglFlq
) ) —1r. _ .
= (-1 ¢" 7" F“.Lm} [QH.m] H 3 (1)l [3 ’}
v q J g g, 525 k—i q
. . —1r.
_ (_1)i+j qi27j2+(§)+(igl)*ij |:22 + m] |:2] + m:| |:]:|
! q J q Lllq
(5 J= ik
x> dUl ) (=)
0<k<j—i a
By the Cauchy binomial theorem, for i # j, we get
. j—i
E+1) ] — 2 i—ivk P
0<k<j—i q k=1

Then

> U (U =0

1<k<j
For LU-decomposition, we will show
Z (Ll)ik (Ul)kj = CAlz'jv
0<k<min{i,j}
where A = [a;;]. Then

Z (Ll)ik (Ul)kj

0<k<min{i,j}

SR A A > )

4 0<k<min{i,j}

_ [% * m} q [23'; t} ql (¢:); (4:9);

Y 1

ochimmtigy (i (@0 (@ Oy (@0
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Denote the last sum in the above equation by SUM;. The Mathematica version
of the g-Zeilberger algorithm [5] produces the recursion

(1-q"*)
SUMZ == WSUMi_l.

Since SUMy = m, we obtain

i+q 1
sum; = || ————
' { i 1,49, (59);

Then we write

Z (L), (Ul)kj = Qij.

0<k<min{i,j}

For Ly and L;17 we have

Z (L2)ik (L‘;l)kj

j<k<i
T . -1

_ (—1)iq(n_; )[2@%1 [23 —I—t]

LR 0 R

B k 7("7571)+(n7k:71)(j7k) n—k—1 2k+1
x > (D% [ i~k k
J<k<i q q
X[¢+k+1]1[1@+g} [n—j—l] {2/{]1
i q J q k—j q k

i G- [2i+ 1] [20+1] 7 450 (@59), 50
=1 [ i L[ J L (0:9);(¢:9),5 4
> Z (_1)k‘q(’§)—kj (Q§Q)2k+1 (Q;q)k+j

S (@39);—k (@3 D011 (5 Dy (45Dap

By the ¢-Zeilberger algorithm for the second sum in the last equation, we obtain
that it is equal to 0 provided that i # j. If i = j, it is obvious that (Ls),, (L2_1)k;j =
1. Thus

Y (L) (Lah)y; = dis,

J<k<i

as claimed. Similarly we have

> U2)y (Ush),; = bi.

i<k<j
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For the LU —decomposition of A~!,we should that A~! = LyU, which is same
as A= Uy 'Ly". So it is sufficient to show that

Z (Ugl)ik (L2_1)kj = Gij.

max{i,j}<k<n-—1

Hence

5 v, (Lgl)kj _ [Zi—I‘—mL [23}1 -1

max{i,j}<k<n—1 ' ! a
. . 2k + 1] i+ k
(n—k—1)(i+k+1)+(n—k—1)(j—k)

max{%,j}<k<n-—1

X[ n+k r[kﬂ] [n—j—l} [zkr
itk+1], il k=3 1, lk],

_ i {2@ + m} [2]‘ + 1 !
¢ q ‘7 q

e [2E 1] i+ k
I e
t q q

max{i,j}<k<n—1 !
X[k+j] {njl] {211—1{ n+k r
i J,l k=3 1, Lk], i+tk+1], "~

If we take (n + 1) instead of n, we write

(2.1)
Y R [%H} [Hk} [kﬂ'] {n—y} {21@]1 [n+k+1}1
j<k<n k—i q i q J q k—j q k q i+ k+1 q

Denote sum in (2.1) by SUM,,. For i # n and j # n, the g-Zeilberger algorithm
gives the following recursion

SUM,, = SUM,,_;.

?

(n —1,n — 1), which could be easily checked. The proof is obtained. |

Thus, SUM,, =SUM; = [H.'j}q which completes the proof except the case (4,j) =

3. The Decomposition of the Matrix B

In this section, the matrix B = [IA)U} is defined with entries

o [Qi—km}lﬁj—kt] {z‘ﬂ}l
i — . . .
t q '7 q t q
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for 0 <i,7 <n—1. Now we will give expressions for LU-decompositions L3Us = B
and LyUy; = B~1, for Lgl, U?fl and for L217 Ujl without proof by the following
theorem

Theorem 3.1. For m,t > 0and 0<,5 <n-—1,

- BT

- ot e [

j j j . i,

e | [ T TR

= oo (20 [ [ P

i yi J i iy,

(La)y = (1) A P [ [
XFH—t]_l{rH—j:—l]_l q q q

ol J q

. . . . “1p.q-1
e I ] i I i B S B el I W
Y N T R 2 A VR B PR WA

)

(U4);; = (-1)" 7! ("3 )Gt [n I 1} [n o 1]
¢ q J q
y {n—i—l} [2j+m} [Qi—kt}l
J—i q J q ¢ q ‘
U); = (1) () CE) i1 [23',“] [" —i 1} ["”‘.j - 1}
q q

7 j—1 )
. —1 . —1
X{nJrzl} {2z+m}
J q ¢ q

-1

q
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and

et B — Hl JE ik 1/2[2“? [zmmyl[kuyl[qu]—l
t q k q k q k q
4. The Matrix A

In this section, we have the following results without proof by using the results
of Theorem 2.1 with the fact given in (1.1). For 0 <4,j <n —1,

o = (IO

(LY, = (—1)@‘—3'(2@'?”%) (;) (2j]fm)‘1,

- L0

o, = o (BE) Q)
O )

(Lgl)ij _ (Z—I—])(nl—ij—l)(%;—t (m) <gj+t> 17
(21+t>(zf;r_i1) (;ti)(zﬂ)_l(”j.m)_l,

@)y - <2;'f:><i:f>(2”7”)(2@“)1(511)1

n—1 —1
2k +m\ [2k +t
d = | I .
k=0
5. The Matrix B

In this section, we have the following results without proof by using the results
of Theorem 2.2 with the fact given in (1.1). For 0 <4,j <n —1,

o = EO) E)
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w0, = (T ETOC) ()

w, = e (TSI () )

e, = o QTG

woy = o (TTNETNCTEEN) (Y

w, = (20N )

way = cor (T T
)

wny = e (T )
)

s = Tt ()57 () ()
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