EVALUATION OF SUMS INVOLVING PRODUCTS OF GAUSSIAN
¢-BINOMIAL COEFFICIENTS WITH APPLICATIONS

EMRAH KILIC* AND HELMUT PRODINGER**

ABSTRACT. Sums of products of two Gaussian g-binomial coefficients, are investigated, one of
which includes two additional parameters, with a parametric rational weight function. By means
of partial fraction decomposition, first the main theorems are proved and then some corollaries
of them are derived. Then these g-binomial identities will be transformed into Fibonomial sums
as consequences.

1. INTRODUCTION

Throughout this paper we use the following notations: the g-Pochhammer symbol (z;¢q), =
(1—-2)(1—2q)...(1 —2¢""!) and the Gaussian g-binomial coefficients

m _ (=0
When z = ¢, we use the notations (¢), and mq instead of (g; ¢),, and [Z]q o respectively. We

conveniently adopt the notation that [Z]q =0ifk<0ork>n.
Define the {U,,V,,} sequences as linear recurrences for n > 2 by

Up=pUp1+Upn2, Ug=0, U =1,
Vi = an—l + Vn—27 Vo = 2, i= D-

With o, 8 = (p +p?+ 4) /2, they admit the following expressions in the Binet forms

U, = M and Vo, =a" 4+ p".
a—p
When o = 1+2\/5 (or equivalently ¢ = (1—+/5)/(14V/5)), the sequence {U,} is reduced to the
Fibonacci sequence {F,} and the sequence {V,,} is reduced to the Lucas sequence {L,}.

For n > k > 1, we will use generalized Fibonomial coefficients

{n} U,0,...0, 4h {n} {n} 1
frd W = = .
k U (UlUQUk)(UlUQUn_k) 0 U n U

When p = 1, they reduces to the usual Fibonomial coefficient, denoted by {Z} - For more details
about the usual Fibonomial or generalized Fibonomial coefficients, their properties and interesting
appearances in various places from number theory to linear algebra see [5, 6, 7, 8, 16, 17, 18].

Our approach will essentially be based on the following connection between the generalized
Fibonomial and Gaussian g-binomial coefficients

{Z} = Pk [Z} with ¢ = /o or, equivalently o =1i/\/g.
U a
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Furthermore, we will use generalized Lucanomial coefficients

{n} B Ve ..V,
El, WMVa.. Vi) WVa.. Vi)
with {Z}V = 1 where V,, is the nth generalized Lucas number.

When V,, = L, the generalized Lucanomial coefficients are reduced to the Lucanomial coeffi-
cients denoted by {Z}L

{n} B LiLy...L,
kf, (LiLy...Ly)(LiLy.. Ly k)

The link between the generalized Lucanomial and Gaussian g-binomial coefficients is
{n} = oFh) {n} with ¢=—-a"? or a=1i/\/q.
k] k],

There are many kind of sums including Gaussian g-binomial coefficients with certain weight
functions or generalized Fibonomial coefficients with generalized Fibonacci and Lucas numbers as
coefficients (for more details, see [9, 10, 11, 12, 13, 14, 15, 16, 18]).

Marques and Trojovsky [16] provide various sums including Fibonomial coefficients, Fibonacci
and Lucas numbers. For example, for positive integers m and n, they show that

4§2{4m+2} (_1)%11 ___{4m+2} Finis
=l i Jr mt=d i +3f p Fom

and

dmi2 4m iG—=1) 1 dm 4m JG—1)
Z . (=1) 2 Fotam—j = §F2m+n Z . (-1) 2 Lop,—j.
F J F

=0 \J =0
Quite recently, Kilig and Prodinger [11] compute three types of sums involving products of
Gaussian ¢-binomial coefficients. They are of the following forms: for any real number a

> "V e e,

k=0
— [n+ k] {n} ko —nk+(5) L
(-1) 2) —
k—O[ ko], Lk, g% —a
and
Zn: [n—i—k— 1:| [n:| (_1)I€q*’ﬂk+(k;1)a_q_k.
k=0 k LIP b—q7*

Then they present interesting applications to generalized Fibonomial and Lucanomial sums. They
prove their results by the partial fraction decomposition method. Recently the method has been
explored in proving various functional identities, for more details we refer to [1, 2, 3, 4].

In this paper, we shall investigate sums of products of two Gaussian g-binomial coefficients,
one of which includes two additional parameters, with a parametric rational weight function. Our
results will generalize the results of [11], introducing two additional parameters. By means of
partial fraction decomposition, we shall first prove the main theorems and then give two corollaries
from each of them. Then these ¢g-binomial identities will be transformed into Fibonomial sums as
consequences.
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We mainly compute five types of the g-binomial sums with certain weight functions: For any
positive integer m, and any real numbers p, ¢, a and b,

Z m—l—k:| n:| (_1)19(](";1)71671 1 ’
n p,q -k; q g

:er k} ‘ﬂq(l)kq@wn {a N 1} ,

=
[}

n

n

el
Il
=

,q L

L, =)

M:

n—1

>
Il
=]

=
:
S
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| I |
=
[ie)
> 3
| I
[te)
—
|
i
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-
Q
2
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—

=~

Il

=]
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3

m; k} - nL (1) g3 (1 — agrmr+ey |

=
I
o

Note that when m = n and p = ¢ in the above sums, three of them give us the results of
[11]. By specifying the parameters, one could derive many different Fibonomial-Fibonacci-Lucas
consequences.

2. THE MAIN RESULTS

The results we will present throughout the paper will be satisfied for a, b, p, ¢, w € R, nonnegative
integer n and positive integer m. We start with our first result:

Theorem 2.1. For nonnegative integers m and n such that m > n,

z": ‘'m+k]  [n] (1)g()—Hn L _ o (:9), y (a—lpqm—n;q)n.
=L on 4kl 1—ag* (»9), (a3 @)nt1
Proof. Consider the left-hand side of the claim
S ] ot
koLt v o dpglflg g —a
_ = 'y 4)m+k 34)y k (T —kn
-y (P q) (4:9) (1) g(*3) 1
= (00) s (030),, (@30),, (30),, aF—a
_ (%9), z”: (D50) 1 1 (—1)k g~ ek 1
3 D) =5 (03D nr (6D (0 aF—a
= (q;q)n i (1 _pqunJrk) (1 _pqm+k71) (—1) q—%k(27L—k+1) 1
P ), = (4 9) 1 (4 @)y ¢ —a

or without the constant factors consider
k —k — —k -1
(@ ) (T T e ke L
= (@9)p 1 (@0 ¢k —a

_ i (aF=pg™ ) ... (¢7" —pq

— (4 @)k (@0, ¢k —a

mfl)
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(1=2)(1=2q)...(1—2zq™) z—a

and
(z —pg™™™) (z = pg™ ") .. (2 — pg™ 1Y)

(1-2)1—=2q9)...(1 —zq™)

Thus set f(z) = A(z) =. Then the partial fraction expansion reads

A(z) =

f(z) _ i (q—k _pqm—n) .. (q—k _ pqm—l) (71)kq(;) 1 F(n,a)
= (@@ Dk (2= q7F) ¢F—a ' z-a
We multiply this by z and let z — oo:
n —k m—n —k m—1
(@*=pg™™") . (" —pg™ ") oy 1
0= -1 2 + F(n,a),
kzzo (4 O)r (g Dn—r — ¢ F—a (n,a)

where

(z—pg™ ") (z —pg™ ") ... (2 —pg™ )
(I=2)(1=2q)...(1—2zq™)
(a—pg™ ") (a—pg™ ") .. (a—pg
(I1-a)(l—aq)...(1—aq™)
a™ (1 — ailpqun) (1 — ailpqm’”Jrl) o (1 — ailpqul)
(1-a)(1—-aq)...(1—ag™)
(a7 tpg™ " q)

n

F(n,a) = —

z=a
m—l)

(a5 @)n+1
Thus we write
z": (@"—pg™ ) (@ —pg™ ") .. (aF —pg™ ) Cofg L (e 'pg™ ™q),
= (¢ D (¢ Dk ¢ —a (@5 @)nt1
or
z": (D5 Dy (@3 0),, C1yegBgttn L g (Ga), (a='pg™"1q),
= 000 (P50 i (D (D s 1—aq ;) (@5 @)nt1
which, after some rearrangements, gives us
—| on |,k 1 - ag” (»9), (@3 9)n+1
as claimed. O

As consequences of Theorem 2.1, we give the following results:

Corollary 2.1.1. For nonnegative integers m and n such that m > n,

" [m+k n ko (5)—kn 1
Ul

k=0
:(71)nq7("’2"1) (¢:9), . (wqur(Tfl)nJrc;q)n

(_Q;Q)n (—wq”(T71)+cfl;q)

n+1
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Proof. 1t is enough to take p = —q and @ = —w !¢~ °*! in Theorem 2.1. Then the claimed
result follows after some rearrangements. O

Corollary 2.1.2. For nonnegative integers m and n such that m > n,

“Im+k] [n ok (B)—kn 1
Rl ——

n+1)

n q_(z rm+c -1 m+rn—+c
= (_1) 1—w (r—1)n+c n n '
q wq,q wq,q

Proof. Tt is enough to take p = ¢ and a = w—'¢~"™ ¢ in Theorem 2.1. Then the claimed result
follows after some rearrangements with the definitions of the Gaussian g-binomial coefficient and
the g-Pochhammer notation. 0

Theorem 2.2. For nonnegative integers m and n such that m > n,

2": {m N k} y m q(—l)kq(i)—k" (a + q%) — (=1 ") [a 4 prg™] (49)n

n
k=0

Proof. Consider the left-hand side of the claim

i {m: k]p,q m q (—1)F g(3)—kn (a + q%k)

k=0
(@ Dn N~ P D 1 Bk, L
(p;Q)nkZ:O(p;Q)m,Mk (@ @)y (q;q)k( D"e ( +q"“)
_ (G0~ mpg™ ) (L pg™ Y e 6k, L
- (p;q)nkzzo (@ Dk (G0, (e ( +q"“>
U Sl U ) RERS Ut . G IRV I (s IV G B
- (p;q)nkzz0 (@ D)k (@0)y, (=1 ( +q*’“>
IR o et V) RETE Ut 0 RNV IR NN
- (p;Q)nkZ:O (@ Dpp (@) S +q*’€)

or without the constant it takes the form

z": (% —pgm™m) ... (¢ —pq

P (:0)5—1, (@5 @)

m—l)

Now define the functions

_ e (g (p g ]
f(Z) - (1—2)(1—zq)...(1—zqn) ( )

and

y.o e (z—pg™ ") ... (2 —pg™ ")
1-2)1—=2q9)...(1 —zq")
Thus we see that f(z) = A(z) (a+ 1). Then the partial fraction expansion reads

A(z

B n (q—k: _ pq’m—n) . (q—k _ pq’m—l) g 1 C
6= k=0 (@ D)r (a5 Dn—rk (=1)'dl )(a + 7) T
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We multiply this by z and let z — co:

(1) (¢ =pg™ ) .. (aF —pg
(=0 kz:o (@ k(@ @n—k

where

Thus we write

Sl ot /e RETS Uty A DRV S VO
P (@ D)1(a: @) (=1 ( + )

n+1

— a(=1)"q("3) 4 (—1)rprglmmnt(3)

L (1= pgm ) L (1 — pgmth) )t )
k=0 (¢ D)k (g5 O)n—rk (-1 <a+ qj)
=" [aq_(ngl) +p"q(’”‘")”+(§’)]
" m+k n Y (g)—kn u L
kzzo[ n L’q[k]q( 1)kq ( +q7k)
—_(_1\n ,(ng-l) (QQQ)n a n _mn
=0 (p;q)n[ T,
as claimed. 0

As consequences of Theorem 2.2, by taking special values of p and a, we give the following
corollaries:

Corollary 2.2.1. For nonnegative integers m and n such that m > n,

Z {m—k k} [Z} (1) q*%k(znfkﬂ) (1 + wqrn+c+k) _ (—1)”q*(ﬂ;1) (1 + wqc+n(1+M+r)) )
n
k=0 q q

Corollary 2.2.2. For nonnegative integers m and n such that m > n,

n

U p———

n
k=0
—(nt+t n g > (Q7Q)
— (-1 nq ( 2 ) |:1_ -1 qu(7n+7+1)+c} n_
=1) =1) (-9,
Theorem 2.3. For positive integers m and n such that m > n,
z": mtk—11 n] g ek @by (@0, (@000
~1 k(_)q k_g ¢ (a—)(.) x (a;9) :
= L " pal™lg q @ Di4)n 1 a; q)n+1
Proof. Rewrite the LHS of the claim as

n

3 {m: k - 1] {Z]q(”kq(g)nkm

—k
—a
k=0 q

n . . . -k _
_ (pa Q)m-i—k—l (q7Q)n _l)kq(;)—nk q b

= (0301 5D e (G Dk(G D
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_ @9, N~ P i 1 (C1)g(8) - =
P D1 £ P Do (G Dr(G Ot ¢ F—a

_ @)y S (mpg™ ) (L pg™ ) e b
) St (¢ D¢ Dk ¢ —a

Without constant factors, consider

Zn: A U BN U 7 PPN O

=0 (Dr(@n—r gk —a
n —k _ m—n —k _ m—2 —k _
:Z(q pg™ ") .. (¢7F —pg ) (C1ykg®) : b
k=0 (@) r(@)n—r g " —a
Now define the function
_ m—n _ m—2 _
A= ETPOT) o (Eo g™ ) 27 h
1-2)(1=-2q9)...(1—2¢") z—a
The partial fraction decomposition of A(z) takes the form:
n -k _ m—n -k _ m—2 —k _
A=Y (% =pg™ ") .. (a" —pg )(_1)kq(k;1) gF-b 1 F(n,a)
P (4 k(¢ Ok ¢ F—al—z* " z—a

Now we multiply this relation by z and let z — oo and obtain

o (S o) (@ g™ ) R )7
O_Zl—m(kz_o (¢ (¢ Dk (=1 ¢ —a(l—zq") i )z—a>’
which gives us

B N et ) RERS Uit G WV RN 8 el RV
O_k:O (4 Dk (@ Dn—rk GO ey T F ()
or
n (q_k pqm—n) (q—k pqm—Z) ok (g) qfk b B g
,;O (@3 Q)k(@ O)n—r GV g = Fma),
where
N Gl T (z—pgm ") (2 — pg™?)
F(n,a) = (( b) (1-2)1—2q)...(1—2qm) ) o
—(a—b) (a—pg™ ") (a—pg™ ") ... (a—pg"?)
(I-a)(l1-aq)...(1—aq")
= a1y () gt oy PG Do
(=1 " ( ) (a;@)n+1 '
Thus we get
S o) @ g™ ) e b (TR0
,; (4 D)k (¢ @)k (=1 gk —a (@ =b) (a3 Q)n+1
n qfk(nfl) (1 _ pqun+k) o (1 7pqm+krf2) Iy (’5) q—k —b ol ~ (qm—np/a; q)n72
kZ:O (€ D)k @)k =1 ¢ —a " (@="b) (@5 @)nt1

or
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(@.0)n 5~ (L=pg™ ™) (L= pg™ ) e () D
P @)n1 = (¢ Dr(g Dn—r ¢ F—a
— a1 (a—b) (@™ "p/a;4), s
(a5 @)n+1
or
n m + k-1 n 1 k 7(n71)k+(§) qik -b _ . n—1 —-b (q7 q)n (qm_np/a7 q)n—l
Z _ ( ) q —k _ =a ((L ) . X . ’
— n-1 ], k], ¢ —a (P @)1 (a;@)n+1
as wanted. O

As consequences of Theorem 2.3, we give the following corollaries by taking special values of p
and a:

Corollary 2.3.1. For positive integers m and n such that m > n,

—2n41,
zn: [m +k— 1} {n} (—l)kq(g)_”k+k 1—4¢* _ 1) (1 gy (g2 ’q)nq.
porl R U S P L3 9 1— gt (9" @n+1
Corollary 2.3.2. For positive integers m and n such that m > n,
+h (" " haq),

Zn: [m:kl— 1} 3 m q(_1)kq(’§)—7zk11—J;1; (1) D

X
k=0 (—4:9),1 (=1 @n+1
Finally we give the following theorems without proof which could be similarly done.

Theorem 2.4. For nonnegative integers m and n such that m > 2n,

zn: [m—k} m (kg L @O (a5,

e R k ¢r—a (P,  (4@nn

As consequences of Theorem 2.4, we give the following corollaries:

Corollary 2.4.1. For nonnegative integers m and n such that m > 2n,

S )

k=0
_ 1 [rn—l—m—l—c} [(r—&—l)n—l—c—l}_l
1— wq(rﬂ)”*“l n v n w,q.
Corollary 2.4.2. For nonnegative integers m and n such that m > 2n,
S (1] ) s - 0 L ),
pr L R CO B ) 9 1+ wgktrmte = (—g;q),, (—wg™™ 1 q), 41

Now we give our main last result.

Theorem 2.5. For nonnegative integers m and n such that m > 2n,

n

5[ e e < e

n
k=0

As consequences of Theorem 2.5, we have the following corollaries:
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Corollary 2.5.1. For nonnegative integers m and n such that m > 2n,
Z [m - k} [n} (—1)* q(kgl) (1—(=1)" wg™ ) = {1 - wq(m_"”)"“] (%9)n i
k=0 n —q k q (_QQQ)n

Corollary 2.5.2. For nonnegative integers m and n such that m > 2n,

n

_ k 1
S ] 0t o) = [ gt
n k
k=0 q q

3. APPLICATIONS

In this section, we shall give applications of our results as the generalized Fibonomial sums
identities.

(1) For positive even n, positive m and all integers r and ¢ such that m — (r+ 1)n > ¢ and

rn+c>1,
i{m—i—k} {n} (71)(5) 1 _ 1 {m—rn—c} {(r+1)n+c—l}1’
k=0 n U k U Uk-‘rrn-i-c U(r+1)n+c n U n U
zn:{m—kk} {n} (_1)('5) 1 1 {m—rn—c} {(r—|—1)n—|—c—l}_1.
prd n Juylkly Vitrnte  Virt)nte n v n .

(2) For positive even n, positive m, and all integers r and ¢ such that rn 4+ ¢ > 1,

i{m+k} {n} (_1)(5) 1 _ 1 {(T—i—l)n—i—c—l}l{m—rn—c}
Pt n v k U Uk+7'n+c U(r+1)n+c n U n V’

Z{m+k} {"} (_1)(3)#
0 n \%e k U Vitrnte
1 1 —rn—
_An 1 H% {(r—i— )yn+c } {m n c} .
‘/(7‘+1)n+c he1 Vi n \% n 14

(3) For all positive odd n, positive m and all integers  and ¢ such that m — (r 4+ 1)n > ¢ and
(r—Dn+c>1,

- m—l—k} {n} (5) -1 n-1 1 rm+m-+c rm4c) !
(71) 2 Urn— c = (71) 2 b
Z{ n U k U ket U(rfl)nJrc n U n U

k=0

" m—!—k} {n} (5) -1 n-1 1 ™+ m+c rn4c]
(_1) 2 ‘/tr'n,— c = (_1) 2 *
Z{ n U k U ket Vv(r—l)n—&-c n \74 n Vv

k=
(4) For positive odd n, positive m and all integers r and ¢ such that m — (r +1)n > ¢ and
(r—=In+4+c>1,

{m+k} {n} (_1)(5) 1 :(_1)(%1)/2 1 {rn+c}1{m+rn+c}
=0 n v k U Urn—k:-‘rc U(rfl)nch n U n V’

" e () P )

k=1



10 EMRAH KILIC AND HELMUT PRODINGER

(5) For positive n,m and all integers r and ¢ such that m — (r+1)n+c¢ > 1 and rn+ ¢ > 1,

i{m—kz} {n} (_1)(’;)[]71 B 1 {m+rn+c} {(r—l—l)n—i—c—l}_l
n ok Sy kbrnte = T e n U n U

k=0

" (m—k n NGO B 1 m+rn+c (r+)n+c—1)""
Z n k (=1) ktrnte =y e n n '
k=0 U U (r+1)n+ec \%4 |4

(6) For positive n,m and all integers r and ¢ such that m — (r +1)n+c¢>1and rn+c > 1,

"{m—k} {n} Cp® L1 {(T+1)n+c}1{m+rn+c}
=0 n U k U Uktrntec Urnte n U n V,

S 0 e (M) e L

(7) For odd n, positive m, and, all integers r and ¢

" (m+k n k n-1
Z { n } {k} (_1)(2) Uk4rnte = (=1) 2 Un(m+r+1)+e>
U U

k=0

" (m+k n (5) n—1
Z n k (_1) 2 Vk+rn+c = (_1) 2 n(m+r+1)+c
— U U

k=0

and
" (m+k n K ne1l a1 U
Z { } { } (71)(2) Uk+rn+c = (71) ATz Vn(m-{-r—i—l)—i—c i7
=0 n Jylk)y o Ve
n m+ k n k n—1 n41 n Uk
kZ: { n }V{k}U (_1)<2) Vk-i-?“n-‘rc = (_1) A2 Un(m+r+1)+c H vk
=0 k=1

(8) For nonnegative integers n, m, and all integers r and ¢ such that m > n

" (m—k n k
Z { } {k} (71)(2) Vin—k+e = ‘/(m—n—i-r)n-l-c
=\ " Ju U

n
m—k n k
{ n } {k} (_1)(2) Urn—k+c = U(mfn+r)n+c
k=0 U U

(9) For nonnegative integers n, m, and all integers r and ¢ such that m > n
n n . .
- n — f
S ("4 {2 0= Al (] ) [l e
o n % U i Yk Vim—n+rnte if nis odd,

and
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As a showcase, we will show how the above generalized Fibonomial-Lucanomial-Fibonacci or
Lucas corollaries are obtained from our main results. For this, we will prove the first corollary,
that is,

i{m+k} {n} (—1)(’5) o 1 {m—rn—c} {(r—i—l)n—l—c—l}l
n U k U Uk+7‘n+c U(r+1)n+c n U n U

k=0

for positive even n. First we convert it into g-form by using the relationship given in the Introduc-
tion. Thus, after rearranging and simplifications, the claim takes the form

- n(mtk—n) |t k] k(n—k) {n] ) 1-g¢q
o « -1
];) |: n q k q ( ) ak+rn+c—1 (1 _ qk+rn+c)

_ 1-q
= Oé(r+1)n+c71 (1 _ q(r+1)n+c)

-1
n(m—rn—c—n) |:m —rm-—= C:| a—n((T+1)n+c—l—n) |:(7“ + 1) n+c— 1:|
q

X

n n q

or

zn: {m: kL {ZL (-0 Mﬁa*’“ﬂkn—k?

k=0

— a*Zn(chnr)

n

1 [m—zn—c}q[(r—l—l)n—kc—l}_l'

(1 _ q(r+1)n+c) .

For the case of even n, we have to prove that

"2 e ot

n(c-nr) 1 m—rn—c| [r+1)n+c—1
=q (1 _ q(7'+1)n+c) . n

>

k=0
-1

" q

If we take a = ¢""*¢ and p = ¢q in Theorem 1, we write

n m—n.

> {er ]1 m (—I)kq(k;l)_’mi1 = ¢ e ™ e ’q>”,
n q k q 1— qk+T7l+C (qrn—i-c; q)n+1

k=0
which, after some rearrangement, is equal to

(ql—c+m—(7'+1)n; q)n

q77,(rn+c)
(@ @)ns1

n(rn+c) (qv q)m—rn—c (q7 q)rn+c—1

<q; q>n(r+1)+c <q’ q)mf(qul)nfc
n(rnte) 1 (6D rn—e (6D nge1 (G,
1= g% (q:0) gy (G D (G D)ot

_ n(etnr) 1 m—rn—c| [r+1)n+c—1]"
=dq (1 _ q(r+l)n+c) q n

=q

b

n
q

as expected. So the claim is true.
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