A NONSYMMETRICAL MATRIX AND ITS FACTORIZATIONS
TALHA ARIKAN, EMRAH KILIG, AND HELMUT PRODINGER

ABSTRACT. We introduce an asymmetric matrix defined by g-integers. Explicit
formulee are derived for its LU-decomposition, the inverse matrices L~! and U !
and its inverse. The asymmetric variants of the Filbert and Lilbert matrices
come out as consequences of our results for a special value of q. The approach
consists of guessing the relevant quantities and proving them later by traditional
means.

1. INTRODUCTION

In classical g-analysis, the g-analogue of a nonnegative integer is defined by

n—1

= ==L =3¢ (1)

1—¢ k=0

From the definition, it is easily seen that

}11_13}[”](1 =n.

The g-Pochhammer symbol, also known as g-shifted factorial, is defined as

(259)n = (1 = 2)(1 —2q)... (1 —2q"™"),

with (z;¢)g = 1. Especially, when x = ¢, it is called g-factorial. (For more detail
we refer to [1]).

Define the generalized Fibonacci sequence {U, } and generalized Lucas sequence
{V.} by

Un = pUnfl + Un72 and Vn = pvnfl + Vn72

for n > 1, with initial values Uy = 0, U; = 1, and Vj = 2, V; = p, respectively.

In particular, when p = 1, the sequences {U,} and {V,,} are reduced to the

Fibonacci sequence {F,,} and the Lucas sequence {L,}, respectively.
The Binet formulee are

an_ﬂn 711_qn
U, p—" a - (2)
and
Vo=a"+ (" =a"(1+¢"), (3)

2010 Mathematics Subject Classification. 11B39, 05A30, 15A23.
Key words and phrases. Filbert matrix, g-integer, LU-decomposition, inverse matrix.
1



2 TALHA ARIKAN, EMRAH KILIC, AND HELMUT PRODINGER

where o, 8 = (pFVA) /2 with ¢ = B/a = —a® and A = p?+4, so that a = ig~'/2.
The RHS of (2) and (3) gives us the g-forms of the generalized Fibonacci and Lucas
sequences.
The Hilbert matrix H = [H;;] is defined by the entries
B 1
Y- 1

As an analogue of the Hilbert matrix, Richardson [7] defined and studied the
Filbert matrix F' = [F};] with entries

1

Fij = :
Fiyja

After the Filbert matrix, several generalizations and analogues of it have been
investigated and studied by several authors. For the readers convenience, we briefly
summarize some of these:

e In [3], Kili¢ and Prodinger studied a generalization of the Filbert matrix

by defining the matrix [ﬁ], where > —1 is an integer parameter.

e After this, Prodinger [6] defined a new generalization of the generalized
Filbert matrix by introducing 3 additional parameters by taking its entries

= a'y! , where r > —1 and X\ > 0 are integers.
A(itg)+r
e In another paper [4], Kilig¢ and Prodinger introduced the matrix G by

1

Gi' - }
T P +r FaGi e+ - - FaGrirh—1)4r

where r > —1, k > 0 and A > 0 are integer parameters.
e Kili¢ and Prodinger [5] gave four variants of the Filbert matrix, by defining
the matrices P, T, Y and Z with entries

1 Fz j+r 1 Lz j+1
Pi=— Tij—M, Yi]-——andZij:M,

Fyitpjar " Pitpjts " Litpjtr Litpjes
respectively, where s, r, A and p are integer parameters such that s # r,
r,s > —1and A\, u > 0.

e More recently, Kili¢ and Arikan [2] studied the nonlinear generalization of
the Filbert matrix with indices in geometric progression with entries

1

UGy +u(irsymre.

where U, is the nth generalized Fibonacci number and A\, u, k£ and m
are positive integers, r, s and c¢ are any integers such that A (i +r)k +
w(ji+s)™+c > 0 for all positive integers i and j. They also gave its
Lilbert analogue.
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In the works summarized above, the authors derived explicit formulse for the
LU-decomposition, their inverses, and the Cholesky factorization. They proved
the claimed results by considering the ¢-forms of the related quantities, and then
using the celebrated ¢-Zeilberger algorithm and/or some algebraic manipulations.

In this paper, we introduce a new matrix A = [A;;]; ;>0 defined by

1-— qu_"j
U @it

A

where \ and j are positive integers and z is a real number such that x # ¢\~
for all 4,5 > 0.

We will derive explicit formulee for the LU-decompositions and the inverse of the
matrix A in the following section. Afterwards, we will provide proofs of the these
formulee in Section 3. It is worthwhile to note that, although all the sum identities
we need to prove are g-hypergeometric summations, the g-analogue of Zeilberger’s
algorithm does not work for general parameters A\ and p (however, it computes
the specialized sums for fixed numerical values of A and p). In the last section,
as applications, we will give some particular results related with the generalized
Fibonacci and Lucas numbers as variants of Filbert and Lilbert matrices.

Throughout the paper, the size of the matrices does not really matter and one
can think of an infinite matrix A and restrict it whenever necessary to the first N
rows resp. columns and write Ay.

2. MAIN RESULTS

In this section, we will list the LU-decomposition of the matrix A and the
L=, U~! matrices and the inverse matrix A~!. In the following section, we will
provide the proofs of these results.

Theorem 1. Fori,j >0,
(xgV T ¢"); (I )5
(gt qm)i(as ad);

Lij -

and
1—xzq
1 —aqm
Uij = ) w(g—i+1l). ,p A A
q*MJ'Jr()\Jru)(;)xi(l + q“j) (q 4 )z(q 4 )z Zfl < 0.
(2qH7; @ )i1 (TG q#)ia
As a consequence, one can easily compute the determinant of A, since it is
simply evaluated as the product of the diagonal entries of the matrix U.

Theorem 2. Fori,j >0,

ifi =0,

quj-i-,u; qﬂ>i71(q>\(i_j+1); q)\)j
(g tr; 1)1 (a5 ¢7);

L' = (—1)i+ﬂ‘qk(i;j)(
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and
(1 if i=j=0
¢ &) (1) (g g,
o (q q))
J +t—tj) —1)t(1 — —ut ut. )\ .
— 1 —xq) (1 — ¢**)(g"; ¢") - t(q“ q“)t 1
Prl 1—1 1. .
(—1)sd DO (g ) (a0 ), ifj>i>1,
(1 =) (g% q*);(a" q")i—i(a"; q")ia -
0 otherwise.

\
For the inverse matrix A" of order N we have the following result.
Theorem 3. For 1 <i< N and 0<j <N,
4ol (—1)i+9 P @) (72!~ =2 s +ui)
ij aNT (1 — wqritd) (1 — g2m)
(2 ") no1 (26" )
(@"; ¢*)v-i-1(a ) v—j-1(a?; ¢1); (¢ ¢")ia

and for 0 < j < N,

) j pN-1 Aj+p.
At =1[j = 0]+ (=1)"* A(J)-A(N—2); X (g ¢" )N

q
(@ ) n—i-1(a% ¢*);
(3o Loaa () (24"; ")
= 1z 1 — gt (1 = 2gm77) (g ") w11 (g% ¢*) e

where [P] is the lversion notation, which is 1 when P is true, and 0 otherwise.

3. PROOFS
Define the following four sums:
min(s,5) i—
S0 () _quuw)(qM TN a(q" T 4"
e (2 q")a(2q"; ¢*) a1
) qu(Mu))(quM“'qﬂ) (0 d)H,q )d
(2 ¢#)a(a*: 42 a-

K
d=j
K ; i
= 3 (—1)igH) (g ggdoee) (" M) a(g"T= DT g1 g
! (275 ) as1(q"; ¢")a-

)

d=i
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K id. . —j+1).
Su(K) = Z i) —d (] d(,\+u))(l’qu 4 M) a(@g I ") a1 (@M )
B ! ! (¢#; ¢*)a—i(a*; 4*)a

d=max(i,5)

We provide the following lemmas for later use.

Lemma 4.
(5D ) k(¢ )
(1 — 2 1) (2qH7; ¢*) i (g g* ) k-1
Proof. We will use the backward induction method. Let us denote the summand
term by s, for brevity.
Firstly, assume that ¢ > 7 so when K = j the claim is obvious. Similarly for the

case j > ¢, the initial claim is clear.
The backward induction step amounts to show that

Sl(K — 1) = Sl (K) + Sk—1

= :qu()‘ﬂ‘)(Iz() (1

Si(K) =z K Ot (%)

(P M) g (@R ) ey
— 2@ ) (2175 ) k(g g k-1
AR g2 ey (g0 KFD g e
(@5 g k1 (2q5 ¢ ) K
_ mK—1q(>\+u)(K;1) (q)‘(z K+2).q ) (qu(j K+2), ;¢ ) K-
(1 —ZEQM’“)(W’“ @) i (xght “,Q“)K—1
% (a;q(AJr#)(K—l)(l K- 1))( w uk+u> +(1— $q’\i+”j)(1 _ xq(K—l)(Hu)))'

After some simplifications, the expression in the last line can be rewritten as

i q(xw)(f‘;l)qu(l _ xq(K—l)(A-‘ru)) (q

(1 . xq)\i-i-u-hu(K—Q))(l _ [qu—i_)‘(K—l)).

Finally,
Si(K —1) = xK—lq()Hru)(K;l) (P2 M) 1 ("D ) o
(1 — 2g* 1) (2q"; ¢*) k-1 (g5 ¢ ) k2
which completes the proof. O

Lemma 5. For: > j,
A<y @ g (@ g ) ke
(1 = D) (e ¢*) k(05 4 k-
Proof. This time we will use the usual induction method. Similarly, we denote the

summand term by s;. The initial case K = j is easily verified. So, the induction
step amounts to show that

S2(K +1) = S3(K) + sx41-

Sa(K) = (-1)"q
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Consider
oK) + s1ces = (1)< A F) T ) (P e
(1= AC) (@ ") k(05 4*) K
" (_1)K+1q,\(K+21*j)(1 — pgEFOOR) (qujf“; ") () M)k
(2@ 5 ¢ k1(0 ¢ ) k1
(_1)K+1q/\(K—2j+1 (xq)\jﬂt; q#)K(qA(ifK); q)\)K-H
(1 = D) (@ ")k 11(05 ) k1
X ((1 — g BV (1 — Ay (1 — B (1 — q/\(K+1—j)))

(—1)FH AT (2g¥5 ¢") k(@75 4N ke
(1 — PAED) (g ;") k1 (5 ) k41—
% qA(K—j—&-l)(l . quj—&-,u(K—i-l))(l _ qA(i—K)—A)

which is equal to Sy(K + 1), as desired. O

I

We omit the proofs of the following two lemmas due to the similarities to the
proof of Lemma 5.

Lemma 6. For j > 1,

o i oA (j—i+1). . (J—-K). .
53([() _ (_1>qu,(}2{>+/,¢(K(1—z)—z) (mqﬂ 4 )K+1(QM])\ 7qM)Z<qM] 7q'u>K77,'
(75 ¢*) 41 (%5 4 ) ki

Lemma 7.

Sy(K) = g HE G K (:vq')‘jf“; ")k (2¢"; ) .
(1 — g 2)(g"; ") k=i (@ ) k=,
Now we can give the proofs of our main results.
For the LU-decomposition of the matrix A, we have to prove that

> LUy = Ay
0<d<min{i,j}

By Lemma 4, we obtain

Z LiqUg = 1_—$qw + q—w'(1 — q2“j)51(1)
0<d<min{i,j}
 l—wg P ) (1 = ¢™)
1 —zqti (1 = zgh*tH)(1 — zgH)
1-— xq’\i 1
"1 — gt

which completes the proof.
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For L and L', it is obvious that liili_il = 1. For 7 > 7,

> LuylLy' = (_—DjS2(i),

j<d<i (4% 4);

which equals 0 by Lemma 5. So we conclude
> LulLy =i=1j),
j<d<i

as desired.
Before moving on, notice that the matrices U~! and A~! can be also written as
follows:

U~' = BC and Ay' = By Dy,
where the matrix B is defined by

BOO =1 and BOj = —

Bjj=[i=j]forj>0andi>1

and

000:1andC’oj:Oforj>0andCij:Ui;1 for j >i>1,

Doy =1 and Dy; =0 for 0 < j < N, and D;; = Ai_j1 otherwise.
It is easily seen that the inverse matrix B! is given by
1 — a:q_“j
1 —axq

B! =li=j]for j>0andi> 1.

In order to show that U~'U = I, we will show the BCU = I. Consider the

product matrix C'U. The first row of this matrix is the same as the first row of
the matrix U. Then for ¢ > 1, obviously C;;U;; = 1, so when i # j we have

CiaUg = (—1)'q H+5 pi(i+3) A
s;sg = (1= ¢*)(g";q")i

By =1 and BO_].1 =

S3(j) = 0,

which gives CU = B~!; so the claim follows.

Finally, for the inverse matrix Ay, we use the fact Ay' = Uy'Ly' = BnCn L}y
The first row of the matrix CyLy' is [j = 0] for 0 < j > N — 1. For i > 1, by
Lemma 7, we obtain

Z C’d[’;jl - (1

max{%,j }<d<N-1

Sy(N —1) = A; L.

)

(—1)i+i (2 (G)
— ) (g ) (a" " )i

So OnLy' = Dy, which completes the proof.
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We have the following useful lemma to easily obtain results for the transpose of
a nonsymmetric matrix. For a given sequence {a, }, we define the diagonal matrix

D(az) = [dlﬂ] as
a; fori=7,
dij = )
0 otherwise.

Lemma 8. Let A be a nonsingular square matriz whose LU -decomposition is
known, where L = [L;;], U = [U;], respectively. Then we have

AT — L/U/

where
v =Y v = L0
1] Ujj 1) J
Proof. Consider
1
AT = UTLT = UTD(ﬁ>D(UZ--)LT.

Then L' = U"D(g-) and U’ = D(Uy)L", which completes the proof. O

So by the above lemma, one can easily derive the results for the transposed

1 — agh—H
matrix A7 = [—q} )
1 — zghtril; >0

4. APPLICATIONS

In this section, we will give some applications of our main results. For example,
consider the matrix F, defined by

Uni—pj
—pj+d
Fp = T

B U)\i+uj+d
with positive integers A, u and d. By (2), the entries of the matrix F can be

rewritten as
1— in—uj-i-d

M (1
Fij =q"(-1) 1 — grituird’

where ¢ = 3/a. So, for x = ¢¢ and ¢ = 3/, we can write
F = AD(g(-1)")

where D(a;) is the diagonal matrix defined as before. So one can easily derive all
related results for the matrix F from the results of the matrix A.

Note that an interesting feature of the matrix F is that it includes some zero
terms as entries. Especially, when A\ = pu = 1, then the entries on the dth super-
diagonal are all zero.
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After some manipulations and converting the factors again to generalized Fi-
bonacci numbers, we find the LU-decomposition of the matrix F and L=, U~}
and F~! as follows:

I ( i=1 U/\j+uk+d) <H£=1 U)\(z‘—l-l)—)\k)
ij = - '
<H§g:1 U/\i—i-uk—i-d) (Hiczl U)\k>

?

U—uj—i—d

if 1 =0,
qu+d
Uij = ; < i:l Ui k) (HZ, U)\k>
(—1)uj+(A+u)(§)+diU2m — k=1"Ypi—p kj i 0
< Al Um+A(k—1)+d> ( s UAz‘+uk+d>
i—1 j
-1 ( 1)i+j+)\(i7j) ( k=1 U/\j+uk+d> (Hi:l U)\(i+1)f)\k)
o= | — 2
v i . )
( i UAi+uk+d> (Hizl U/\k>
and U-! =
]
1 ifi1=7=0,
; _ Unjita)

U2m’ (Hk X U)Jc)( 7 U#k)( 2_:11 Uuk)

and for j > 1
(_1)j+1+dj+A(§) I Unjaphsd
[Ty Un
o Zj: t+ut]+u UU —Zf+d H%l UutJr)\(ktll)er |
t=1 2ut pttd (H?@:l Uuk) ( k=1 UM)
and 0 otherwise.

For the inverse matrix, we have for 1 <i < N and 0 < j < N,
(— 1)Z+J+/\( Vtu (5N (Aj+pi)+d(N-1)

-1 __

-1 _
Fij = Uspi (H U“N+/\j_“k+d>
k=1
(Hizl Um+x<k—1)+d> ( o Ui Ak+d> (Hk 1 U/\J+uk+d)
X

< _ Uuk) ( e UAk) (Hizl UAk) ( 1 Uuk>

and for 0 <7 < N,
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Similarly, for the Lucas analogue, we define the matrix £ with

Ni—pj+d
m’l tg

V)\z’f,uj#d 1
Lij=o——=¢"(-1) T4 it

V)\i+uj+d

with positive integers ),y and integer d and ¢ = 3/a. By choosing z = —¢? in
our main results, we have the following results for the matrix L.

<Hi:1 V/\j+uk+d> <H}1:1 U)\(i+1)7/\k>

Li; = : : ;
<Hi:1 V)\i+yk+d> (Hi:l ka)
Vo if i =0,
Vuj+d
Ui' = ) 1—1 U . i U
/ Ai(_1)Uj+()\+,uf)(;)+d(i+1)U2 ) < k=1 "1 Mk) (Hk:l Ak) lfl > 0
W (it i1 ’
ket Vig+A(k—1)+d k=1 Vitpukd
where A defined as before.
i1 ;
11 (_1)i+]~+}\(i5j) ( k=1 VAj+uk+d> (Hi:l U)\(iJrl)f)\k)
1] i . )
( i V)\i—i-uk:—i-d) (Hizl U)Jc)
and Ugl =
1 ifi=45=0
(_1)i+>\(g)+dj+uij+u(;) 1 (Hi:l Vui—&-)\(k—l)-i-d) <Hi:1 V>\j+uk+d> -
- - — - nmy=1r=1,
A7 Uspi (Hizl UAk) ( i Uuk> ( e Uuk)
and for j > 1

(—1)djﬂ(%)+l( - VAj—i-uk:—i-d)

Aj( . UAk)

-1 __

J

1% (H?gl Vut+/\(k—1)+d>
% Z(_l)t+utj+u(§) —pt+d e ’
— Uyt Vit +d (H;:l UM) ( 2;11 Uuk>

and 0 otherwise.
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For the inverse matrix, we have for 1 <i < N and 0 < j < N,

L ()@ N @ (V- i
;CZ] == AN—]_[]2 . <H VMN+>\j—Mk+d>
He k=1

<Hi:1 Vui+)\(k—l)+d> ( A V)\N—i-,ui—)\k—i-d) ( A V)\j—i-uk—i-d)
< sziliil Uuk) ( sziljil UAk) <Hi=1 UAk) ( 71;;:11 UM)

and for 0 <5 < N,

X

N1y,
1 . —pk+d r—1
£0j =[j=0]- VN £kj'
1 pk+d
More specially, by choosing z = ¢ such that d > 0 is an integer and performing
the limit ¢ — 1 in our main results, we obtain the related results for the matrix
H = [Hij]ij>0 as a variant of Hilbert matrix with entries

B Mo—pj+d
YN+ d
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