ON BINOMIAL DOUBLE SUMS WITH FIBONACCI AND
LUCAS NUMBERS-I

EMRAH KILIC AND FUNDA TASDEMIR

ABSTRACT. In this paper, we compute various binomial double sums
involving the generalized Fibonacci and Lucas numbers as well as
their alternating analogous.

1. INTRODUCTION
Define second order linear recurrences {Uy, V,,} as for n > 0

Un = pUnfl + Un72a
Vn = an,1 + Vn727
where Ug = 0, Uy = 1, and Vy = 2, Vi = p, resp. If p = 1, then U,, =
F,, (nth Fibonacci number) and V,, = L,, (nth Lucas number). For various
properties of these sequences and their generalizations, we could refer to
[4, 5, 15).
The Binet formulae are
a™ — ﬂn
a—p
where a, 8= (p+A)/2 and A = p? + 4.
By the Binet formulae of U, and V,,, for later use one can see that
U_p=(—1)""U, and V_,, = (—1)"V,,.

There are many types of identities involving sums of products of binomial
coefficients and Fibonacci or Lucas numbers (for more details see [1, 2, 14,
16]). For example from [1], we recall that

U, = and Vi = o™ + 671’

" /n " /n n
Z (/{:)Fk = Fop, Z </€>F4k = 3" Fo,,
k=0 k=0

- n n—k _ kN n n—k _Qn
kZ:O (k)2 Fap = 5" Fan, » <k>3 Fo = 8" Fap,

k=0
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S n k n S n k negn
kzzo <k>( 2)"Fo = (—1)"Fan, kZ:o (k>( 2)"Fsp = (=1)"5" F3p .
Meanwhile many authors have computed various weighted binomial sums
by various methods (for more details, see [12, 13]). For example, in [13], the
authors studied the sums have the forms

n n

Z <7Z> Ty(atbi) Tr(ctai) and Z (?) (=)' Tho(arviy Tie(c+di) »
i=0 i=0

where T,, is either U,, or V,,.

It is assumed that the reader is familiar with the basic facts about bino-
mial sums, the Binomial theorem, combinatorial summation formulze, etc.
(we could refer to [3]).

Kilig et. al. [8] proved general expansion formula for binomial sums of
powers of Fibonacci and Lucas numbers as shown

n n
n 2m—+ n 2m—+
> ()rze () e

k=0 k=0

S (D) et (7)o,
k=0 k=0
where t is a positive integer and §,¢ € {0, 1}.

In [11] Kili¢ and Ionascu established some identities containing sums of
binomials with coefficients satisfying third order linear recursive relations.
For example, we recall one result from [11]: for any a € C \ {0},

and

n

> (ank> (a* +aF) = ain(a+ ey (2:)

k=0

Khan and Kwong [6] studied two kinds of binomial sums

= m (T = n+h pm (T
> h <h>Uh and » (=1)"" h <h>Uh
h=0 h=0

and then express them in terms of two associated sequences.
Kili¢ and Arikan [9] derived new double binomial sums families related
with generalized second, third and certain higher order linear recurrences.

For example,
. . -1 =F,
2 ( j )( j oY =

1<ij<n

and
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Kilig and Belbachir [10] derived various double binomial sums and bino-
mial sums with complex coefficients related with the sequences {U,,V,,}.
For example, they showed that

2 () =

0,J
Recently, Kilig [7] considered and computed three classes of generalized
alternating weighted binomial sums of the forms

Z <TZL) (71)1 f(n7 ia k’ t)’

i=0

where f(n,4,k,t) 18 UktiVin—k(+2)is UrtiVin—kei and Ugki Viks1)en—(k+2) -
Much recently, Kili¢ and Arikan [9] also considered and computed various

interesting families of binomial sums namely binomial-double-sums includ-

ing double sums and one binomial coefficient. For example they showed

that
> (1)t ¥ (0T =R,
— ] —1 — J—1
0<i,j<n 0<4,57<n
Z <Z+j> :F2n+2 and Z ( ! > :Fn+371.
- 1= . J—1
0<i,j<n 0<4,5<n

These are the first interesting examples of double sums with one binomial
coefficient.

In this paper, inspiring from the results of [9] about double sums with one
binomial coefficient, we shall consider new kinds of binomial-double-sums
families with general Fibonacci and Lucas numbers.

2. BINOMIAL-DOUBLE-SUMS WITH THE GENERALIZED FIBONACCI AND
Lucas NUMBERS
First we give some auxiliary lemmas before our main results.
Lemma 1. For any real numbers x and y such that (14 y) # 1.
P\ (z+zy)" =1
2 ) s e
0<ij<k 4

Proof. By the Binomial theorem and some properties of sigma notation, we
write

Z ()”’ = 2 72 ()y;my)

0<i<k  0<j<i
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(z+ acy)kJr1 -1

r+ay—1

i

k
= (z(1+y)' =
i=0

as claimed. 0

From [7] we have the following result:

Lemma 2. Let t be any integer.
(i) For odd k,

(—1)f k(=20 _ ok = (L1)' U, g DVA,
(-1 B0 g = (1) Dot DV,
(i) For even k,
aF1=20) _ ok =y gRO-D A gh(1-20) _ gk _ 7 (k1) /A
Now we shall give our first result:

Theorem 1. Lett and r be odd integers.
a)For nonnegative even k,

> “\u,, AU Vi) + AU ] = UiVesr
. ri+2tj AUE T AUtUH_T —

0<i,j<k
and

Z (;) Vrivotj

0<i,j<k

AU [UVirr) + Uty esn)] + AU Uy — 2
AUZ + AUU, — 1 '

b)For positive odd k,
k+1

> N — AT U [UViger) + Upny i | = UtVir
)R AUZ + AUU, — 1

0<i,j<k
and
)
) () Vs
0<ij<k ™
_ A%Utk+l[AUtUk(t+r) + Vierry (o)) + AUV — 2
AU? + AUtUt+7« —1 ’

Proof. We only prove the first identity. The others could be similarly
proven. By the Binet formula, we write that for odd r,

. 1 ) | | | |
Z (;) Uri+2tj = m Z <;> (am+2tg _ 5r2+2tg)

0<i,j<k 0<i,5<k
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_ - i ﬁ Z (;) ari+2tj _ Z (7’> Bri+2tj ’

0<ij<k 0<ij<k

which, by Lemma 1, equals

1 (" + a7'+2t)k+1 -1 (B + 57-+2t)k+1 _ 1]
a_ﬁ ar+ar+2t_]_ Br+ﬂr+2t_]_
Also, by Lemma 2 (i), if k£ and ¢ are odd, then we write
_ah-20 gk =y gEe-D /A
_pR-2) _ gk qkt-Dy/A

Hence write
QF1=20) ok — Gh=2kt L ok g gR(=1) /A
Thus
o paf =U_ B RVA = UL B RVA,
where s = —2kt. Therefore, by taking k = r and s = ¢, we write
o+t = Uy gV
for odd r and t = —2kt = 2t. Namely,
o+ a2 = U8 TVA,

and similarly,
BT+ BT = —Ua VA

Hence,

1 (ar + ar+2t)k+1 -1 (BT + Br+2t)k+1 -1

a — ﬂ o’ + ar+2t -1 Br + /8r+2t -1

L [UB VA -1 (Ut YA -1

VAL U VAT ~Uia~'TVA —1

B [UFH gAY ] gkl AR

VA UBTTVA-1 ~Uia=t /A -1

! _Utk—i—lﬂ(ftfr)(kJrl)Akgl _1 Utk+1a(ftfr)(k+1)A% +1
VA Uf—t—ryB -1 U t=m/A 4+ 1 ’

which equals
1
\/E (UtB*t*T\/E — ].) (Ut()éitir\/Zﬁ“ 1)

% {(Utkﬂﬁ(—t—r)(kﬂm% _ 1) (Uta—t—r\/z_’_ 1)
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_ (Ugcﬂa(_t_r)(kﬂ)A% i 1) (Utﬁ—t—r\/z_ 1)} .

By recalling a8 = —1 and after some rearrangement, consider the statement
in the numerator of the last equation

(Utkﬂﬂ(—t—r)(kﬂm% _ 1) (Uta—t—r\/z_’_ 1)
_ (Utk-l-la(—tfr)(kJrl)A% I 1) <Ut57t7r\/zi 1)
_ Uf+2ﬂ(7t7r)kA§+1 + Utk+1ﬂ(7t7r)(k+1)A% _ Utoftfr\/z 1
— Uk (R A+ | Rl (DA ST 8t A 41
= U0y A F/B + U A Vi 1) — UiVigr VA
And now consider the statement in the denominator of the equation
(Utﬂ—t—T\/Z - 1) (Uta_t_T\/Z + 1)
=UZA+ ULV A - U™ /A~ 1
=UA+UN/AB T —a™7) —1
=UZA + U AUy, — 1.

Thus we write

Z 7 U.. _ Ag+1Utk+2Uk(t+r) + AgUtk+1‘/v(t+r)(k+1) . Ut‘/t+,,,
ri42tj AUE T AUtUH_T — ,

0<i,5<k
as claimed. 0
From [7], we have the following result:

Lemma 3. Lett be any integer.
(i) For odd k,

(71)15 afk(2t+1) _ ak _ (71)t+1 Vk(t+1)ﬂkt;
(1) BREED — gE = (—1)F V)
(i1) For even k,
k@D _ gk — —\/EUk(tH)ﬁkt: prREHD gk — \/EUk(tH)akt'

We have the following result without proof that could be proven by
Lemmas 1 and 3.

Theorem 2. For any integer t and odd r,

<Z) VorUsiir — Vo [VarUparary + Uzt4r)(k+1))
Z Uvitarj =

. 2 9
0<i,j<k 1= V3 = VaVorur
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> (Z> Vispar) = Vi VarVacaeen) + Vioren gan)] = VarVargr
ri+4t; — )
o 1- V22t - V2tV2t+r

0<i,j<k

3. ALTERNATING BINOMIAL SUMS FOrR THE GENERALIZED FIBONACCI
AND Lucas NUMBERS

In this section, we present certain alternating binomial double sums in-
cluding the generalized Fibonacci and Lucas numbers. First we give a
consequence of Lemma 1 by taking —xz instead of x : For any real numbers
x and y such that x(1 +y) # —1

) Co “ D) (z + ay)*

0<ij<k rhay+1

Theorem 3. Lett and r be odd integers.
a)For nonnegative even k,

> N (C1)iU0r; = ASUF AU Ukt = Viernesn) + UiV
j e AUZ — AUU; i — 1

0<4,5<k
and
i i
Z ) (=1) Vgt
0<ij<k

_ AU U Vs — Uty s ny] — AUUpsr — 2
AUE — AUtUt+r -1 '

b)For positive odd k,

> N (1) Uipor; = AF U U Vigr) = Unemyrn] + Ul
j R —AU? + AUUpy, + 1

0<i,j<k

and

> <Z> (=1)"Vris2

0<ij<k M

A UM AU U4y — Viesr (b)) + AUUpgr + 2
—AU? + AU Uy, + 1 '

Proof. We only prove the first identity. The others could be similarly
proven. Assume that r is an odd integer. Thus we write

= (om0 5 (Yoo

0<ij<k 0<ij<k
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a5, e 5 (o]

0<ij<k 0<ij<k

which, by (3.1), equals

1 [(—1)’€ (ar + ar+2t)k+1 v (—1)k (BT I BT+2t)k+1 41

Oé—ﬁ ar+ar+2t+1 Br+6r+2t+1
_ ! [Wtﬁ-t-rmkﬂ F1 (ST et 1}
Ca-p Ust-rV/A+1 ~Uja—t=m/A +1
which equals
1

VA OB VA1) (TatrvA +1)
x [(UFBCTIEDASE 1) (<Uia T A 4 1)

— (~UF A 1) (Ut A 1)
By af = —1 and some rearrangement, we write
(Utk-‘rlﬂ(—t—r)(kJrl)A% 4 1) (7Uta7t7r\/z+ 1)
_ (—Ut’f“a(—t—”(’““m% + 1) (Utﬁ_t_r\/g—l- 1)

Bi2 B4l
= _Utk+2Uk(t+r)A = V/A+UAT Viern e+1) = UVigr VA

and

(s~ VA +1) (~Uia VA + 1)
= —UlA+UNAB T —a ) +1
= —UEA + UtUt-‘rrA +1

Finally we write

i .
> (> (=1)"Uritat;
0<ig<k
k42

AU Uy — ATUFT Ve + UVigr
AUZ — AUy — 1 ’

as claimed. O

We have the following result without proof that could be proven by Eq.
(3.1) and Lemma 3.
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Theorem 4. For k > 0, any integer t and odd r
i i

Z ) (=1)" Upritatj

0<ig<k

(=) VE VarUg 2ty — Uaerry b)) — VarUsir
1= Vg + Vo Varyr

= (s

(=) Ve Viorry et 1) — Vot Vigasrn ] + Vor Vorgr +2
1— V3 + Vo Varpr .

Now we give another consequence of Lemma 1 by taking —y instead of
y : For any real numbers x and y such that (1 —y) # 1

3 (?)(_1)%@]‘ _ % (3.2)

r—xy—1
0<ij<k y

One can similarly obtain the following results by using Eq. (3.2)

Theorem 5. For any integer t and odd r,
a) For nonnegative even k,

i .
Z ( ) (—=1)? Uritat;
0<ig<k

— A2 U [AUUg(arrr) + Vioter o) — UzeVorsr
AU3, + AU Uzp i + 1

i ,
> () (1) Viigar
0<ig<k

_ AT U Ui Vi + Ueneen] + AUzt +2
AUZ, + AUy Usyyr + 1 .

b) For positive odd k,

> (;) (—1) Upigat

0<i,j<k

_A%U;“[U%Vk(zm) + Ut+ry(k+1)] + U2t Varir
AU3, + AU Uy + 1

and
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i j
E N (=1) Viigars
0<ij<k

_ AUy (AU Uk ot + Vioter an) = AUnUsiir — 2
AU3, + AU Uspyr + 1 .

Theorem 6. For any integer t and odd r,

> <?>(-4leﬁw+2m

0<ij<k M

(—D*VF T ViUkiry + Uttrrye1)) — ViUpr

V2 +ViVir +1

and

Z (;) (=1) Viigors

0<i,j<k

(VT ViVt + Viern (o)) + VeVear +2
VZ+ ViV, +1 ‘

Theorem 7. For any integer t and even r,
a) For nonnegative even k,

> (;) (=1) Upita

0<i,j<k

_ AgUftH[AUztUk(mM) — Viorsry(kr1)] + U2t Vargr

AUZ, — AUpUspyr — 1

and

i .
> ( ) (=1 Vyitat
0<ij<k
k+2

AT US T Ut Viarsr) — Uerry(er)) — AU2Uspsr — 2
AUZ — AUz Usiyy — 1 '

b) For positive odd k,

Z (;) (—1)Upigars

0<14,j<k

— AU Ui Viorsr) = Ugrery )] = UaiVarr

—AU3, + AU Ugp iy + 1

and
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Z (Z> (=1) Viigars

0<4,j<k J
- AF U (AU Ukater) + Vioter ean) = AUnUsiir — 2
AU3, — AU Usyr — 1 .

We give another consequence of Lemma 1 by taking —z instead of x
and—y instead of y : For any real numbers x and y such that z(1 —y) # —1

Z (l) (—1)H iyl = (—DF (z — 951/)kJrl + 1' (3.3)

0<ig<k -y +1

By using Eq. (3.3), similar to the previous results, we have the following
results without proof.

Theorem 8. For any integer t and odd integer r,
a)For nonnegative even k,

Z (.)(—1)7’+]Um‘+4tj
0<ij<k VY

= A5 UG (AU Uraeyr) = Viorgryhrn) + UaeVorer
AU3, — AU Usp iy + 1

> ( ) (1) Voipar
0<1,j<k J
_ AU U Viarn) — Utrr) esn)] — AUl +2
AUZ, — AUz U1y + 1 '

b)For positive odd k,

> ( > (=) Upiyar;
0<14,j<k J
Bt1

Az U2kt+1[U2th(2t+r) — Ut4ry(k+1)] + U2t Vargr
AU22t — AUsUstqr + 1

Z (Z> (=)™ Vo

= A U2kt+1[AU2tUk(2t+T) — Voren ] — AUnUszerr +2
AU3;, — AU Uspyr + 1 .
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Theorem 9. For odd integers t and r,

Z i (1) Um0 = VE ViUkegry = Ugry o)) + ViUger
j ri+2tj ‘/,52*‘/1‘,‘/#,-7«4’1

0<i,j<k

and

3 i (C1) Voot = VER ViVirr) = Virn Gern] = ViVegr +2 |
o<izen e VE = ViV, +1

Theorem 10. For any integer t and even r,
a)For nonnegative even k,

= (e

0<i,j<k
_ ASURT AU Uk (ar0) + Viorsn een)] = UneVarer
AU3, + AU Uspyr — 1
and
i i+j
Z () (=)™ Vyitars
0<ig<k

k42

_ ATU§t+1[U2th(2t+r) + Uatar)(bt1)] + AU2:Usp 4 — 2
AUZ, + AUy Uspyr — 1 .

b)For positive odd k,
i i+j
Z (> (=)™ Uyiya
0<ij<k M

= A UL Ui Viorsr) + Ugrer )] = UaiVarr
AUS, + AUy Usy i — 1

and
i i+j
S ) D) Vi
0<ig<k

_ AU AU Uit + Vieren gerp) + AUnUsryr — 2
AU3, + AUy Uspyr — 1 .
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