NEW BINOMIAL DOUBLE SUMS WITH PRODUCTS OF
FIBONACCI AND LUCAS NUMBERS
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ABSTRACT. In this paper, we consider and compute various inter-
esting families of binomial double sums including products of the
Fibonacci and Lucas numbers. These sums have nice representations
in terms of again the Fibonacci and Lucas numbers.

1. INTRODUCTION
For n > 1, the well-known Fibonacci sequence {F),} is defined by
F,=F, 1+ F, 2

with initial values Fy = 0 and F} = 1.
For n > 1, the well-known Lucas sequence {L,,} is defined by

Ln = Lnfl + Ln72

with initial values Lo = 2 and L1 = 1.

For various properties of these sequences as well as their different gener-
alizations, we refer to [2, 3, 12, 14].

The Binet formulae are

a™ —pg"
F, = ot -5 and L, =a"+ 8",
o —

where o and (§ are (1 + \/5) /2.

The relationships between negatively and positively subscripted terms
of these sequences are

F_,=(-1)""F, and L_, = (-1)"L,.

For later use, we recall that for any real number z, the floor function |z |
gives the greatest integer less than or equal to z. The ceiling function [z]
gives the least integer greater than or equal to x.

There are many types of summation identities including the binomial or
Fibonomial coefficients, the Fibonacci, Lucas, Pell and Pell-Lucas numbers
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(see [1, 10, 11, 13, 15, 16, 17, 19]). Carlitz [1] derive various binomial sums
including one binomial coefficient and the Fibonacci numbers.

The authors of [7] compute the sums including one binomial coefficient
and products of the Fibonacci or Lucas numbers as well as their alternating
analogues of the forms

" /n " /n :
TaiTci d -_1lTaiTci7
;(J k(a+bi)d k(ctdi) ol ;()( ) Th(atbi) Th(erdi)
where T), is either generalized Fibonacci or Lucas sequences.

Kilig et. al. [4] give general expansion formulae for the binomial sums
with the powers of Fibonacci or Lucas numbers.

The authors of [6] derive various double binomial sums. For example,

they show that
n—i\[(n—j
E ( . )( ) j) = Fopqo.
J i

%
Kili¢ and Arikan [5] compute many binomial sums including double sums
and one binomial coefficient of the forms

i+] {
Z <._‘7.>F2n+2 and Z (._.)Fn+31~
0<ij<n N Y 0<ij<n N T

Recently, Kilig and Tagdemir [9] also consider some special families of
binomial double sums including one binomial coefficient and the Fibonacci

numbers of the form _
1
Z (j) Frivej

0<i,j<n

as well as their alternating analogues

> (;) (=1 Fritejs <;> (=1) Frivegs 3. <;> (=)™ Frivyy
0<i,j<n 0<i,j<n 0<i,j<n
for some integers r and t.

More recently, Tagdemir and Toska [18] compute the binomial double
sums including the Lucas numbers as well as their alternating analogues.
For example, they show that

Z <i>L4t' o 1 { L(2t+1)nL(2t+1)(n+1) if n is even,
0<ijen M T Lovr | 5F ey oy if nis odd.

In this study, we consider various binomial double sums families whose
coefficients will be chosen as products of the Fibonacci or Lucas numbers
with indices in linear combination of the summation indices. These sums
will be again expressed via certain linear combinations of terms F,, and
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L,,. Furthermore, we compute some kinds of alternating analogues of these
sums whose signs are of the forms (—1)""7 and (=1)""".

2. BINOMIAL DOUBLE SUMS WITH PRODUCTS OF FIBONACCI AND
Lucas NUMBERS

We start with an auxiliary lemma from [8] before giving the results.

Lemma 1. For any real numbers x and y such that (1 4+ y) # 1.
k+1
-1

S (o
0<ig<k ztay—1

For later use, we define

G = L, ifn is even,
" F,, if nis odd,

and

"o F, if n is even,
" L, ifnisodd.

Now we are ready to give our main results.

Theorem 1. For any integer r,

(1)

. 1 n
Z (Z> FipjprFipjor = (1) T F2 + §5L5JH3,L
0<i,5<n
' r 1 |—1"
> () FrerLivior = =14 (1) ot 5514 1Gap
' 1 n
S () tessertonsor = (a2 ol

Z (Z) Fi—j+er‘—j—r =-1+ (_1)T+1FE + 5|‘%J Gn—1

Z <Z> FijirLi—jp =1+ (=1)"Fp + 5131H, 4
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(6)
i _ rp2 5B+
Z NLicjirLicj—p = =14+ 5(=1)"F7 + 5217 G4
0<ij<n M
(7)
Z (;) Fi2—j—7' = _F7?+1 + 5|‘%J Gn—Z’r—l
0<i,j<n
(8)
) n
> <J) Fa(izjory = Fagryny + 518 Hypr
0<i,5<n
()
Z <;> L, =-Ll,+ 5\‘%J+1Gn—2r—1
0<i,j<n
(10)
3 N (1)t Fyysor Fyyor = Fy i F 1+15l%]a
j - i+j+rdi—j4+r — Lr—1Lr41 +(_ ) n—1
0<i,j<n
(11)
3 N1 Py s L jir = Fral Nuikdb:
j - i+j+rdi—54r — Lr—1 r+1+(* ) n—1
0<i,j<n
(12)

1 L . n
Z (J) (—1)1+JLi+j+er‘fj+r =L, 1 F1 + (_1)7+15|—2~|an1
0<i,j<n

(13)
i i+iT o r LEJ+1
Z ] (_1) Lz+j+TLz—]+T —Lr—lLr+1 +(_1) 5L2 Gn—l
0<i,j<n
(14)
i o n
) (j)(l)z“FiﬂwFi—j—r = (-1 F2, + (1) +15L8 G
0<i,j<n
(15)

i o "
Z (j)(_l)l-"—]FiJrijrLijr = (=1)"" Fy_qy + (_1)T5[2WHn+2r71
0<ij<n
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(16)

i o . "
> (j)(l)z”meFi—j—r = (1) Fyrny + (~1)7 5 1 o,
0<i,5<n
(17)

> C) (~1) LigjrLisjr = (1) L2 4+ (1518006
0<i,5<n

(18)
Z (Z) Fj+er—r =-1+ (_1)r+1Fr2 + 5|‘%JGTL—1
0<i,5<n J
(19)
3 (Z) FipLj_y =1+ (1) Fy +551H,_,
0<ij<n M
(20)
> (Z) LiwLi—y = —1+5(-1)" F2 +5L8]1416,
0<i,j<n
(21)
Z (Z) Ff,=-Fl+ IR A
0<ij<n M
(22)
) n
Z (-)FQ(J'T) :F2(T+1) +5’—21Hn72r71
0<i,5<n J
(23)
Z <Z> L, =-L2,+ slEltia, 5y
0<ij<n M
(24)
) 1 |n
Z () FoijirFoijy = (=1 F2 + §5L2JH3n
0<i,j<n
(25)
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(26)
) 1 |»
Z <Z> Loi—jirLai—jr = (=1)"L? + §5L5J+1H3n
0<i,5<n J
(27)
N (1Y By Fyoes — (1) 3G
Z j (_1) F217J7TF2z+jfr—(_1) Frler+1_5 n—1
0<i,5<n
(28)
S () (1 s iy = () F Ly - 51 EH
j (_) 2i—j—r 21—1—]—7'—(_) r—14r4+1 — n—1
0<i,j<n
(29)
3 (’) (1" Loi—j—yFaipjor = (=) Ly Frpy + 5181 H,
0<ij<n
(30)
RAYEREY A S - r 5]+
Z ] ( 1) L2z—j—7"L21+j—7*—( 1) Lr—lLr+1+5 n—1
0<i,j<n
(31)
V(1) Fay sy Foi e = F2,, —5l5]G
j - ) 2i—j4+rL2i4+5—r — L'pp1 — n—2r—1
0<,j<n
(32)
V(1) ForjirLoisjy = —F, 51310
Z ] (* ) 2i—j+r2i+j—r = —L2(r+1) — n—2r—1
0<4,57<n
(33)
3 N (1) Loy inFoisy s = F) 5l51H
j - 2i—j4+rL'2i4+5—r — 2(r+1)+ n—2r—1
0<i,j<n
(34)

) ) "
Z (j> (1) " Lai—jyrLoiyjr = —L2, 1 + 5L8041G, oy
0<ij<n

Proof. As showcases, we only prove the first and eighth identities. The
others could be similarly proven. We start with the first one. By the Binet
formula, we write

[ 1 i itj4r it+j+r i+j—r i+j—r
> (j)Fi+j+7'Fi+j—r: > <> (@I g (@ T g,

2
0<ij<n (@=B)" olijan V
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which, by @ — 8 = v/5 and a3 = —1 and after some rearrangements, equals

0<i,j<n

0<ij<n M 0<ij<n M
> (Zﬂ)<a2>"<a2>j+ )3 (?)w%i(ﬁ%w(—l)’”*l (a2 + 67
5 0<4,5<n J 0<i,5<n J

which, by Lemma 1, equals

1 (O‘2+0‘4)n+1 (ﬂ + 8 )nﬂ 1/ 2r 2
5( 2+ at—1 + Z a1 +( D™ (o™ + B7)
1 (O‘2+O‘4)n+1 (ﬂ + B )nH 1/ 2r 2
= 5( e — + a1 +(—1) (a*"+ ) |.

From [19], we have that Ly, — 2(—1)" = 5F2 and since o? + a* = o?/5,
B? + B* = —33\/5, the last expression equals
LVE)™ -1 (50VE) -
5 a3v/5 — 1 —B3V5 —

+ (=) EF + 2(—1)T)]

which, since o = (v/5 —2)"! and 8° = —(v/5 4 2)7', equals

1 5"T+1a3n+3 —1 N (_1)n+15%ﬂ3n+3 —1 N (71)T+1F2 B 2
5 203 23° "5
1 2
- — ( (—1)"8*"] +a® + 63) +(~D)E2 -2

10 5
1 n1

[a3n ( )nﬂs’l’b] ( )r+1F2

In order to complete the proof, now we examine on the latest expression
according to the parity of n. First, if n is even, then

]. n
§5§F3n + (1) E?

1 n
=(-1)"E 4+ §5L§J Fs,,.

_% 3 <Z> (o242 4 g221) 1 (—1yr Y (?)(_1)i+j (¥ + ¥
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And if n is odd, then
1 n
= T L, + (—1) T2
]. n
= (~1)"1F2 4 55bJL3n.

Thus the claim follows.
Now we prove the eighth identity. Consider

’ 1
> (;-)Fz(i—j—r) R

0<i,5<n

a—27‘ §

J

7 o
(.)a% 2‘7—6 r
0<4,5<n J

- e ¥ (Deven - 3 (

0<i,5<n J

L 0<i,j<n 0<i,j<n
which, by Lemma 1, and since o + o~ ! = /5 and 8+ 7! = —/5, equals
B )"t o1 oo (B +1)"" -1
oa—pf a2+1-1 r+1-1
n+1 n+1
1 Lo (@VB) -1 (BVE) T -1
=T T
a— [0 Q
nfl ntl ng 3t gntl
1 —2r52 « _1+I872T(_1)52ﬂ +1
= a —
a—p a2 52
1 n n
_ ﬁ (01727‘[5 ;rl anfl _ ﬁQ] _’_5—27“[(_1)715 ;rl Bn—l _’_QQ})
o —
o —2r—2 —2r—2
— 5§an—2r—l + (_1)715%571727‘71 + o + 6

a—p
_ 5% (an—2r—1 + (_1)nﬁn—2r—l) +F2(r+1)~

Here we consider the latest statement to complete the proof. If n is even,

then it equals
5%Ln—2r—1 + F2(r+1)a
as expected. And if n is odd, then it equals

n+1

52 Fyor_1+ Foprgr),

as claimed. Thus the proof is complete.

O

As some special cases, we note the followings from our main result with

r=0.

T
J

= ()

) (B2 (872 |,
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Corollary 1.

> (1)rns =yt
0<ij<n
>y (?)ng:_mtzmnl,
0<ij<n
i n
> (D euy =140
0<ij<n
> ()0 Rt =15l
) (=) F ;L ; =1+5121H,_4,
0<4,j<n J
> (Yr=reslie,
0<ij<n M
Z <Z> (=1) FaijLoiyj = —1— 5131m, ,
0<i,5<n J
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