ON BINOMIAL DOUBLE SUMS WITH FIBONACCI AND
LUCAS NUMBERS-II

EMRAH KILIC AND FUNDA TASDEMIR

ABSTRACT. In this paper, we compute various binomial-double-sums
involving the Fibonacci numbers as well as their alternating anal-
ogous. It would be interesting that all sums we shall compute are
evaluated in nice multiplication forms in terms of again the Fibonacci
and Lucas numbers.

1. INTRODUCTION

Define second order linear recurrences {U,, V,,} as for n > 0
U, = pUnfl + Un72;
V. = an,1 + Vn727
where Up =0, Uy =1, and V = 2, Vi = p, resp.
If p = 1, then U,, = F,, (nth Fibonacci number) and V,, = L,, (nth Lucas
number). The Binet formulae are
a” — ﬁn

Fn:
a—f

and L, =a" + 3",

where o, 8 = (1 + \/5) /2.

By the Binet formule of F,, and L, for later use one can see that
F ,=(-1)"""F,and L_, = (-1)"L,.
Much recently, Kilig and Tagdemir [1] consider and compute various sum

families of binomial sums namely binomial-double-sums including double
sums and one binomial coefficient of the forms

1 7
Z < > Urittys Z ( > Vit
0<ij<n M 0<ij<n M
as well as their alternating analogues

Z <Z> (=1) Ui, Z (Z> (=) Vyiey

0<ij<n 0<ij<n

2000 Mathematics Subject Classification. 11B39, 05A10.
Key words and phrases. Fibonacci numbers, Lucas numbers, binomial double sums.

1



2 EMRAH KILIC AND FUNDA TASDEMiR

for some integers r and t.
For example, they showed that let ¢t and r be odd integers. For nonneg-
ative even k,

Z ) Uity — A%Uthrl [‘/(t-l,-r)(k-i-l) + AUtUk(t+r)] — UVigr
ri+2t7 AUE T AUtUt+r — 1

0<i,j<k
and
7
Z <> Viita
o<ig<k M
A%JrlUthrl [Uth(t+r) + U(t+r)(k+1)] + AUUsyr — 2
AUZ + AUU, — 1 '

For positive odd k,

3 Ny oo A U [UVierry + Uaryhan)] — UsVigsr
. ri+2ty) AUtQ T AUtUH_T 1

0<i,j<k

and

i
Z <> Viivotj
o<ij<k
A%Utk+1[AUtUk(t+r) + V(t+r)(k+1)] + AU Uy — 2
AUZ + AU Uy — 1 '

The authors of [1] also compute other kinds alternating analogues of
these sums whose signs are of the forms (—1)” and (—1)"*?. These sums
are evaluated via certain linear combinations of terms U,, and V,, that are
not in multiplication form. Also for earlier similar binomial sums families,
we could refer to the reference list of [1].

In this paper, as a second part of binomial-double-sums, we present sums
families including the Fibonacci numbers. But in this part, all sums we
shall compute are evaluated in nice multiplication form in terms of again
the Fibonacci and Lucas numbers.

2. BINOMIAL-DOUBLE-SUMS WITH THE FIBONACCI NUMBERS

In this section, we will present our binomial-double-sums including the
Fibonacci numbers. By the Binomial theorem, first we start with recalling
an auxiliary lemma from [1].

Lemma 1. For any real numbers x and y such that x(1+y) # 1

Z i m,;j_(x—l—xy)kﬂ—l
j v r4+ary—1

0<i,j<k
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As some consequences of Lemma 1, for later use, we could note the
following identities:

i i (—1)k(:b+:cy)k+l +1
2 3 ()evy = SRR s

. e
CES (Z.)<—1>fxiyf‘ _Emm) ol

0<iI<k J r—axy—1
and
i s (DR @ — oy
2.3 ) (1)l = , x(l—y)#—1.
( >Z(j)< ) R (1-)

For later use, we also present a Fibonacci-Lucas identity. As a showcase,
we give a proof for the first item of the following Lemma and the others
could be proven similarly.

Lemma 2. For integers m and n,

SFyFnFmin if m and n are even,
Fotmin) — Fom — Fon = LywL,Fp1, ifm andn are odd,
Ly Fo Ly, if m is odd and n is even.

Proof. By o — 8 = /5 and a3 = —1, consider the RHS of the claim for

even m and n,

S FnFrin
_ 5™ — Bm)(a" — g (o — g
B (a—p)?
_ @+ BT — (@B (8 + an M) (@ — g
a—p
T i ) i e o )
= P
QP — T (a1 o) — (a2 — g2)
= "
= Fomyan — Fon — Fom,
as claimed. O

We already have the following two lemmas from [2].
Lemma 3. For any integers m and n,

Fner - (_1>anfm = Fana

Foym+ (-1)"F,_,, = L,F,.
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Lemma 4. For any integer n,
Lon —2(=1)" =5F? and Lg, +2(-1)" = L2.
Now we shall give our first result.

Theorem 1. For all nonnegative integer n and any integer t
1)
FSTn Lw if n=0( )
i " 1) FanaLswan if n = 1(mod 4),
L= 2
Z () (ax 2 L%Fw ianQ( )
( )

L3n+1 F3(n+1) ’Lf n=
2 2

> (i)m- ! { Favpyn L) if n is even,
' I Lo | Lt Foiiymeny i nois odd.

) Fop 1) Fo(n1 1
Z () Fr@it1yivj = (t+}; G (fort #—1).
0<ii<n 2(t+1)

Z i F. = FnLn+1 Zf’fl 5 even,
: )77 T LaFas1  ifnois odd.

F%L% ianOmod4,
FM%Lfi(n-%—l) an =1
2

(
i 1 (
Z (j)FQi_j ~2 Lsp Fsnta if n =2(mod 4

0<igen M T Lo | LeeronFeeymery i is odd.

(7)

) Fop 1) Fo(ns1 1
Z () Flatysyi-j = (t+}; ey (fort # —1).
0<ij<n 2(t+1)
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Proof. We only prove the first and third identities. We choose the first
item of the first identity. If n = 0(mod 4), then assume that n = 4k for
k € Z. Thus we write

Z (?)Ffrj: Z (;)Fi+j204iﬁ Z <;)(ai+j_5i+j)

0<i,5<n J 0<i,j<4k 0<i,j<4k

sz O 200

0<i,j<4k 0<i,j<4k

which, by Lemma 1, equals

1 (a+a2)4k‘+1_1 (ﬂ+52)4k‘+1_1

a—f ’

which, by e’ =a+1, e’ +a—-1=2a, B2=F+1and B2+ 5 —-1= 28,
equals

a+a?2-1 B+p3%2-1

1 a12k+3 -1 512k+3 -1
a—pf [ 2« B 20 }

1
— 7m(70{12k+2 +ﬂ12k+2 +o— ﬂ)
1 a12k+2 _ 612k)+2 1
:z[a_g‘ng“%“2‘”

which, by Lemma 3, with the case m = 6k and n = 6k + 2, gives us
) 1

> () Fiyj = 5 ForLok 2

o<ij<dk M

or, for n = 4k,
i 1

> (§)Fus = 5Py Lo

0<i,j<n

as claimed.
Now we prove the third identity. Similarly we write

Z (;) Flatto)ivy = aiiﬁ Z <Z) (a(‘”“)iﬂ' _ 5(4t+2)i+j)

0<ij<n 0<ij<n
1 (a4t+2 + a4t+3)”+1 _1 (64t+2 + 54t+3)"+1 _1
= a—f adt+2 4 pAt+3 - Bit+2 4 gats

which, since a? = a+ 1 and 8% = 8+ 1, equals
1 |:a(4t+4)(n+1) -1 l8(4t+4)(n+1) _ 1:|

a—f adt+4 — o B+
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_ 1
=5
Bitn-ratrantd _ qAtntdtbAndd | gdinban _ ghtntdn | (At+d _ gata
x 2 — (qdt+d § pit+a)
1
= ﬁ(_F4tn+4t+4n+4 + Faytntan + Farta)
— Lag1a
1
= m(F4tn+4t+4n+4 — Fatnyan — Farqa)
t+4 —
1
= Toa—2 (Fa+1)(n+1) — Fanca1y — Faesn)

which, by Lemma 2, equals

SFo(t+1)(n+1) Fon+1) Foi+1)
Lytya —2
which, by Lemma 4, gives us the claim as

i Foner1) Fonyyi41)
o) Praernyivg = :
0<i,j<n

)

Fogty1)

For the others, we only give some hints. The proofs of (2), (6) and (7) follow
from Lemmas 1,2 and 4. The proofs of (4) and (5) follow from Lemmas 1
and 3. ]

3. ALTERNATING ANALOGUES OF BINOMIAL-DOUBLE-SUMS

In this section, we present various alternating binomial double sums
including the Fibonacci numbers. Now we continue to give some auxiliary
Fibonacci-Lucas identities. As a showcase, we only prove Lemma 7. The
others could be easily and similarly proven.

Lemma 5. For odd integer m and even integer n,
Fotmin) — Fom + Fon = 5E Fy Fopy .
Lemma 6. For even integers m and n,
Fo(mgny + Fom — Fon = Fi Ly Ly,
Lemma 7. For integers m and n,

SFnFnFmin if m and n are odd,

F2(m+n) + Fopy + Fop, = { LanFm+n me and n are even.

Proof. We only give the proof for the case m and n are odd. Consider the
RHS of the claim by the Binet formula and o = —1 for odd integers m
and n,

5FanFm+n
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5(am _ Bm)(an _ 5n)(am+n _ 6m+n)
a — 3

_(amin g g B E  arma gy

_ e g (e e o)
_ e gmen et g e g

| qFmRn _ gaImadn 4 o0 _ Zan a2m — gem

- o

= F27n+2n + F2n + F2m7

as claimed.

Now we shall give our main result.

Theorem 2. For all nonnegative integer n and any integer t,

F37nL3n+2 an = O(mod 4),
7 NiE (_1)'” F3n271 L3ty ifn= l(mod 4),
_ = 2
E: ) (D i 2 Lsn Fanio if n = 2(mod 4),
0<ij<n M .
L3'n.271 Fs(n+1) an = S(mod 4)
2

; . )" Frap 1 Frora 1y
Z (2> (—1)"Fapiyj = =Y (2“;) @t+1)(nt1)
2t+1

i i
> ()0 R
0<i,j<n

(=" L2(n+1)(t+1)F2n(t+1) if n is even,
Fytni1ye4+1) Lon@+1)  if nis odd.

> (s =coaa.
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Fap Lsnss if n = 0(mod 4),

i ; (=" FL;LM if n = 1(mod 4)

2. <->(_1)F2”' 2 Lap Fonye if n = 2(mod 4)
L%Fw ian?)( )

i i (=1)"Flots1ynFlot+1)(n+1
Z <>(1) Flasyyi—; = ( F) CARMUARMY
‘ 241

> <Z> (=) Flae+a)i—j

0<ij<n

_ =" { Lotniny+1)Fonr1)  if nois even,
Loy | Fomtnye+nLonesry  if nois odd.

Proof. We only prove the second identity. Consider

2 (i')(l)iF“”j - %_g > <i.)(1)i(a4ti+j _ gty

0<i,j<n J 0<i,j<n J
a—p 0<ZZ< <j>( : O<Z< ]( :
<i,j<n <t,j<n

which, by Eq. (2.1), equals

1
a—p

(=)™ (o/“ T a4t+1)n+1 +1 (=1)n (ﬁ4t 4 54t+1)n+1 +1

Oé4t +a4t+1 + 1 5415 +54t+1 + 1

)

which, by o? = a+ 1 and 32 = 8 + 1, equals
(71)71 |:a(4t+2)(n+1) + (71)71 B ﬂ(4t+2)(n+1) +(1)n:|

a — 6 adt+2 +1 ﬁ4t+2 +1
(71)71 a4tn+4t+2n+2 + (71)71 B4tn+4t+2n+2 + (71)71
e

_ (=n"
- (a4t+2 + A2 4 2) (a — B)
% (a4tn+2n _ B4tn+2n =+ (_1)nﬁ4t+2

_ (_l)na4t+2 + a4tn+4t+2n+2 _ ﬂ4tn+4t+2n+2),
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which, by the Binet formulee of {F),, L, }, equals

_1)»
(=1) (Fatntat+ont2 — (1) Fayyo + Fanton),

Lits2 +2
which, by Lemmas 7,5 and 4, equals
5(—=1)" 1)
[MLEHLFQtn—FQt—&-n—&-lFQt—O—lFQtn—Fn = (F‘2H)_1 F(2t+1)nF(2t+1)(n+1),
as claimed.

The others could be similarly proven. We only give hints for them. The
proofs of (1) and (5) follow from Eq. (2.1) and Lemma 3. The proofs of
(3) and (7) follow from Eq. (2.1), and, Lemmas 4,7 and 6. The proof of
(4) follows from Eq. (2.1), and, Lemmas 7 and 5. The proof of (6) follows
from Eq. (2.1), and, Lemmas 4,7 and 5. O

Now, by using Eq. (2.2) and Lemma 3 , we give our other result without
proof.

Theorem 3. For nonnegative integer n,
(1)
Fploga if n = 0(mod 4),

)

I I o)
3 Fngs if n = 2(mod 4),

)

> <?>(—1)jFi+j =0.

0<ij<n

> <Z) (—1) Fy_j = 0.

0<ij<n
By using Eq. (2.3) and Lemma 3, we give our last result without proof.

Theorem 4. For nonnegative integer n,

1)

Z i (1) Fy = (—1)m FosLng if n = 1(mod 4),
— j J LnFn o ianQ(mod 4),
0<i,j<n 2 2

LusFuir  if n=3(mod 4).
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> (§)eving -0

0<ij<n M

ii)
> <Z’)(1)i”F2i—j—0~
0<ij<n M

As a final note, we would like to mention that we frequently compute the
sums including Fibonacci numbers rather than Lucas numbers. We leave to
compute sums including the Lucas numbers. We hope that such sums have
nice multiplication forms that could be found and added to the literature.
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