EVALUATION OF SUMS CONTAINING TRIPLE AERATED GENERALIZED
FIBONOMIAL COEFFICIENTS

EMRAH KILIC

ABSTRACT. We evaluate a class of sums of triple aerated Fibonomial coefficients with a generalized Fibonacci
number as coefficient. The technique is to rewrite everything in terms of a variable ¢ and then to use Rothe’s
identity from classical g-calculus.

1. INTRODUCTION

Define the second order linear sequences {U,} and {V,,} for n > 2 by
Un = pUn_l + Un_g, Uo = 0, U1 = 1,
Vn = an,1 + Vn72a VO = 27 Vl =P

For n > k > 1 and an integer m, define the generalized Fibonomial coefficient with indices in an arithmetic
progression by

n o UnUsp ... Upm
{k}U;m " (UnUzm - - Ukin) U Uz, - - Un—gym)
with {S}U;m = {Z}U;m = 1. When p = m = 1, we obtain the usual Fibonomial coefficients, denoted by
{Z} - When m = 1, we obtain the generalized Fibonomial coefficients, denoted by {Z}U;l. We will frequently
denote {Z}U;l by {Z}U
As an interesting generalization of the binomial coefficients, the Fibonomial coefficients have taken the
interest of several authors (for more details, see [2, 3, 4, 9]).

In a recent paper, Marques and Trojovsky [8] computed various sums of the Fibonomial coefficients with
the Fibonacci and Lucas numbers as coefficients. For example, for positive integers m and n, they showed

that
S i) e, - () e
- . 2m—j - - y
§=0 JJF - dn+1) p Fom
4§2 —1)j(j2+1) {4m+2} L , {4m+2} Fanys
ot ] h 2m+1—y in+3 FF2m+1
and
4m+2 4m
iG=n [4m 1 iG-v (4m,
S () s e )
7=0 J F 2 =0 J F

The authors of [6, 7] computed some generalized Fibonomial sums with the generalized Fibonacci and
Lucas numbers as coefficients. For nonnegative integers n and m, they showed that
m

2n+1
2n+1 2m
E { k } Vomke = Pan E { 2k } ‘/(2n+1)2k7
U k=0 U

k=0
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i": ) _p i 2m—1\
k . 2m-1)k — n,m 2% — 1 v (4k—2)n>

k=1
where
n—m
H ‘/Qk if n > m,
k=0
Pn,m =
—n—1 1
I[I V5 if n<m.
k=1
As double aerated generalized Fibonomial sums in arithmetic progressions, we recall the following results

from [6, 7]: For any positive integers n and m,

n
2 . .
) Vi if misodd,

k=0 n
- > Vi if m is even
k=1

and
n
S v2, ifmisodd,
n
2n +1 n k=1
ST =)
k=0 2k +1 U;m L
- > Vomp  if m is even.
k=1
Recently, Kilig and Prodinger [5] gave a systematic approach to compute certain sums of squares of
Fibonomial coefficients with finite products of the generalized Fibonacci and Lucas numbers as coefficients.
For example, if n is a nonnegative integer and r is an arbitrary integer, then

17, 2n
Z k Uiir = Usni1Usnyiqar
U n

k=0 U;2
and
2n 2
2n 2n — 2
Z{ i } Up = U2n—1U22nU2n+1{ 1 } -
—o U n-— U2

As binomial sums, there exist not-so-famous double aerated binomial sums given by
o s (—=2)" ifn=0 (mod 3),
> <2k) (=3)F =< (=2)"' ifn=1 (mod 3),
k=0 (=2)""' ifn=2 (mod 3)

and
0 ifn=0 (mod 3),

o0 n B
> (2k+ 1) (=3)"={ (=2"' ifn=1 (mod3),
k=0 (-n)"2n=t ifn=2 (mod 3).

In this paper, motivated by double aerated generalized Fibonomial and binomial sums mentioned above,
we will compute the triple aerated generalized Fibonomial sums of the form

cn+A
cn + )\} (5)
Z Uspkt~ (1),
> {5l
where ¢ is a nonnegative integer, u and ~ are arbitrary integers, A and § are integers such that 0 < A <
3,0<§<2.

Our approach is as follows. We use the Binet forms

n _ Aan 1—qg"
U, = 70‘@ _g = a"_lil _qq and V,=a"+8"=a"(1+q")
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with ¢ = 8/ = —a~2, so that a = i/,/g where o, 3 = (p£ VA)/2 and A = p* + 4.
Throughout this paper we will use the following notations: the g-Pochhammer symbol (x;¢), = (1 —
2)(1 —zq)--- (1 —2¢" ') and the Gaussian g-binomial coefficients

N

The link between the generalized Fibonomial and Gaussian g-binomial coefficients is

{n} = Mk —k) {n} with ¢ = —a~2
k U;m k qVYl

We recall that one version of the Cauchy binomial theorem is given by

n k+1Y [ . n .
Sl = T aet
k=0 q k=1

and Rothe’s formula [1] is

n k n—1
>4 || o = @iap, = [T - arP)
k
k=0 q k=0

All the identities we will derive hold for general ¢, and results about generalized Fibonacci and Lucas
numbers come out as corollaries for the special choice of q.

2. TRIPLE AERATED FIBONOMIAL SUMS

As we mentioned before, we compute the generalized Fibonomial sums of the form

SNt
Suk+y \— )
Pt k40
where ¢ is a nonnegative integer, p and « are arbitrary integers, A and ¢ are integers such that 0 < A < 3
and 0 < ¢ < 2.

First we note that our experiments show that the parameter ¢ must be 4. After that we thus take ¢ = 4,
that is, we consider the sums of the form

R (4n+ A (%)
Z {3k+6} Uspukt~ (=1)%7.
k=0 U
In order to compute the claimed generalized Fibonomial sums, first we convert them into g-form and then
compute it by g-analysis and the Rothe identity from classical g-calculus. Then we convert the results in
g-form to the generalized Fibonomial sums to obtain claimed generalized Fibonomial sums.

Throughout this paper we denote the roots of the equation 22 + z +1 = 0 by w and w, where w is the
complex conjugate of w.

Now we convert the generalized Fibonomial sums into g-form :

An+A
dn + A K
Z {3k+5}UU3uk‘+'Y (_1)( )

k=0
4An+X
— o TA6 o671 Z [‘;;iﬂ o3k A3k —6kd+12kn—9k* (1 _ q3yk+'y) (_1)k(k—1)/2.
k=0 q
2 AntA dn 4+ A\ 2
— YT +H4on—6"-1 Z [% N 5} o 3Hk+3Xk—6kd+12kn—9k (1 B q3uk+~/) (71)1@(1@—1)/2
k=0 q

By ignoring the constant factor, we are interested in to compute the sum

4n+X
3 An+ Al 8h(ua—3k-20+4n) (1 g?+7) (=1) B3I =Dk+ks
2 3k +6),
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In order to compute the claimed sums in closed form by our approach, we have to have the sign (—1)’c .
For this, we consider three cases of . Before starting to examine the cases, we will note the following result
for further use: For any function f of k, we have that

£l - 5 (e

k=0
(1) First we start with the case § = 0. In that case, in order to have the sign (—1)*, 3+ 3X — 1 must
be an even integer of the form 2¢ such that ¢ is an odd integer. Now we examine the following four
subcases:
i) For A = 0, we obtain the equation 3u = 2t + 1, where ¢ is an odd integer. Here we see that any
solution p should be form 4p + 1 for p > 0. Thus by using (1), we will compute the sums

4n
Z EZ] quk(4p+173k+4n) (1 -~ q3(4p+1)k:+’y> (71)16

where w is defined as before.

— Z |: :| —2k(n+p) ( q(4p+1)k+’y) (_1)k (1 +wk _‘_wk)

for0<p<n-1.
ii) For A = 1, we obtain the equation 3y = 2t — 2. The equation has a unique solution, namely p = 0
for only t = 1. Thus we will compute the sums

1-¢) )

k=0

4An+1
[ 3k

an + 1} g~ 3kan—3k+1) (—)*
q

or ignoring the constant factor and by (1), we will consider

4n+1

4dn+1

An+ 1]  _spian— dn 41 —okn _
Z [ o } q 3 k(4 3k+1)( L Z [ } qs (5)—2k (_l)k(1+wk+wk>'
k=0 q q

iii) For A = 2, we obtain the equation 3u = 2t — 5. For odd ¢, clearly any solution p has the form 4p — 1
for p > 0. Thus by using (1), we will compute the sums

4n+2
Z [4"3: 2} q%k(3k74nf4p71) (1 _ q3(4p—1)k+7> (_1)k
k=0 q

4n 2
_ - i [4 ne 2} q(3)~2k(n+p) (1 - q(4p—1)’“+v) (—1)F (1 + wk + %)
3 k=0 k q

for0O<p<n-—1.
iv) For A = 3, we obtain the equation 3y = 2¢t — 8. But the equation has no integer solution p for any
odd integer t. Thus there is no closed form for the sums.
2. As a second main case, we consider the case 6 = 1. Then we obtain the equation 3u + 3A — 1 = 4¢
for all ¢. In that case, by (1), we will compute the sums

An+X
Z {4” + )\] g FR(A—3ktan—2) (1 — k) (—1)*
P 3k+1 q
4n+X
_ Z [4::1)‘} —3k(p+A—k+4n—2) (1 _ quk+’y) (_1)k (1 + wk +@k) .

In this case we have the following four subcases:
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i)

ii)

iii)

iv)

ii)

iii)

iv)

For A = 0, we obtain the equation 3y = 4t 4+ 1. For all ¢, clearly any solution y has the form 4p + 3
for p > 0. Thus for 0 < p < n — 1, we will compute the sums

4n

dn | (5 —2k(ntp) (4p+3)k+ k
1—¢'*? T)(=1)".
kZ:O {k N 1Lq > ( q ) (1)

For A = 1, we obtain the equation 3u = 4t — 2. But the equation has no integer solution p and so
we have no closed form for the sums.

For X\ = 2, we obtain the equation 3u = 4t — 5 for all ¢. In that case any solution p has the form
4p 4+ 1 for p > 0. Thus we will compute the sum

T [an +2 ) _ok Ap+1)k k k k
E q(2)_ (n+p) (1 _q( p+1) +’Y) (_1) (1 +w®+w )
k+1
k=0 q
for 0 < p<n.

For A = 3, we obtain the equation 3 = 4t — 8. But the equation has no integer solution y and so
we have no closed form for the sums.

. As the last case, we consider the case § = 2. To have the sign (—1)’c , 3t + 3A — 1 must be an even

integer of the form 2t such that ¢ is an odd integer. Now we should examine the following four
subcases:

For A = 0, we obtain the equation 3y = 2t + 1, where ¢ is an odd integer. We see that any solution
w has the form 4p + 1 for p > 0. Thus for 0 < p <n — 1, by (1) we will compute the sums

4n
4n — 3 (4p—3k—3-+4n
Z {314;_5_2} g~ 3+(p=3k—3+4n) (1 _ q3(4p+1)k+’7) (—1)*
k=0 a
L[ 4n (5)—2k(n+p-1) (4p+1)k+y k ko pk
:52 kol 1 (1—q )(—1) (1+w* +w").
k=0 q

For A = 1, we obtain the equation 3u = 2t — 2. The equation has a unique solution p = 0 for only
t = 1. Thus we will compute the sum

4dn+1
An 4+ 1| _spian—sk—
(1=q") >, {3%2} =39 (1)t
k=0 q

or without constant factor and by using (1), we compute the sums

4n+1 An+1
in+1 — 3k(4n—3k—3) k 1 {4714' 1} (5)—2k(n—1) k k| —k
27an -1 = - 2)Tern D" (1+w" + .
§[3k+2]qq (=1) 3];) k+2] 0 (=17 (1 +w" 4 w)

For A = 2, we obtain the equation 3y = 2t — 5, where ¢ is odd. Any solution u has the form 4p — 1
for p > 1. Thus for 0 <p <n+ 1,by (1), we will compute the sums

4n+4-2
> An 42 T————— (1 3 q3(4p—1)k+v> (-1
— 3k 42 q

=2 > 5)—2k(n+p—1 (1_ ap—1 k+w) S (1 4wk + )
3 & [IH—QLQ I U7 (Ut a)

For A\ = 3, we obtain the equation 3u = 2t — 8. But the equation has no integer solution y and so
we have no closed form for the sums.

In the next section, we will compute the Gaussian g-binomial sums mentioned above and we give related
generalized Fibonomial sums in the last section.



3. EVALUATION OF THE GAUSSIAN ¢-BINOMIAL SUMS

We compute some of the Gaussian ¢-binomial sums mentioned in the previous section as showcase to
don’t bother the readers. We start with the the case (1.i).

1.i) For 0 < p <n —1, consider

an
Z {471} q(’;)72k(n+p) (1 _ q(4p+1)k‘+7) (_1)’“ (1 + wF +@’C)
q

k=0 k
4n An X
=3 {k] g(2)=2kp) L)k (1 4wk 4 )
k=0 q
1 & [4n k
-4 3 [ k} gG)IHERE=mFD 1)k (1 4k 4 )
k=0 q
4n An . . . 4n An . k .
=2 M A ARIC DY M q®) (wg2tm) " (1)
k=0 q k=0 q
Ay PP k k I Tap k
S [ 9 Coror)of[1] o
k=0 k q k=0 k q
4n An . k 4n An . k
= {k} ¢ (qu@(pfn)ﬂ)) -y [}J ¢ (,wqm(pfnm)) 7
k=0 q k=0 q

which, by Rothe’s identity, equals
(a2 q)ap + (wq_z(“”);q) + (mq‘z(PJf");q)
4an 4n

_q’Y ((qz(p_n)+1; q)4n + (wq2(p_n)+1; q)4n + (Eq2(p_n)+1; q)4n) ' (2)

Here if —n < p < n, then
(q—z(p+n); ¢)an = 0 and (q2(p—n)+1; q)4 -0

and so the equation (2) is equal to
(wq—2<p+n); q) n (@q—z(mn); q)
4n 4an

() ()

2n+2p—1 4n—1
_ (1 _ w) < H (1 _ qu—2p—2n)> H (1 _ qu—Zp—Qn)

k=0 k=2n+2p+1

2n+2p—1 An—1
+ (1 —w) ( I - qu_Qp_27‘)> [I @@-wg2—2)

k=0 k=2n+2p+1

2n—2p—2 dn—1
¢ (1—w) ( H (1 _ qu—(2n—2p—1))> H (1 _ qu—(2n—2p—1))

k=0 k=2n—2p

2n—2p—2 4An—1
¢ (1 —) ( H (1 . qu—(2n—2p—1))> H (1 . @qk}—(Qn—Qp—l)) 7

k=0 k=2n—2p



which, by some rearrangements, equals

= (H (- wm) (H (- qu>)

Z'rlL+2p 2:121)71
+(1—-w) ( II (l—wq_k)> ( 11 (1—qu)>
k=1 k=1
2n—2p—1 2n+42p
—q" (1w)< 11 (lqu)> ( II (1qu)>
Qn—;p—l 271—7—21)
—¢" (1 —w) < H (1—wq_k)> < (1—qu)> i (3)

For p > 0, the equation (3) is equal to

k=2n—2p

2n+2p

_ 3k
_q(’ﬂ—P)(2p—2n+1)m—2p+2n—1 (1—w) H (1 . @q_k) ( H 11 _(zk )
k=1

k=2n—2p

2n+2p
_q(n—p)(Qp—2n+1)w—2p+2n—1 (1 o ’LU) H (1 _ wq—k)

2n+2p
+q(n—p)(2p—2n+1)w—2p+2n—1qv (1—w) H (1 _ qu)
k=2n—2p k=1
2n+42p 2n—2p—1 1 q3k
_~_q(nfp)(2p72n+1)mf2p+2n71qw (1 o w) H (1 o qu) < H — % )
k=2n—2p k=1 q

Thus by combining common statements, the last equation is equal to

2n—2p—1 1 3k
(=P 2p=2n+1) H —4q
1— gk
k=1
2n+2p 2n+2p
x [ —w™2P T2l (1 — ) H (1 - wq*k) —w PTIn=l(] _) H (1 — @q*k)
k=2n—2p k=2n—2p
2n+2p 2n+2p
w1 —w) [ (O -wet)+m Pl -w) [ (1 -we)
k=2n—2p k=2n—2p
Since
2n+2p 2n+2p
_E4p+1q(8p+2)n H (1 _ wq_k) _ H (1 _ Eqk) ,
k=2n—2p k=2n—2p
consequently we derive
4n An
3
Z Lﬂc] g~ hUp+1-3k-+an) (1 _ q3(4p+1)k+’v> (—1)*
k=0 q

_ L memerznin () (¢%:4) 502y 1

T3 (4 @)an—2p—1
7



2n+2p
% (w72p+2n71 _ q2(4p+1)n+7@2p+2n+1 H (1 _ wqik)

k=2n—2p
2n+2p
n <w2p+2nq2(4p+l)n+’y _ w2n72p) H (1 _ wq7k>
k=2n—2p

As special case, for p = 0, we have the result

4n .
Z {471] q—%(4n—3k+1) (1 _ q3k+'y) (_1)k = —g @t (q3’q3)2n*1

— [3k], (439)2p 1

(1—q*) (14¢*) ifn=0 (mod3),

X (1 —g7m) ifn=1 (mod 3),

@ (1—q") ifn=2 (mod 3).

For p = v =0, we have
an 3. 3 .
> I (1—¢*) (~1)F = —g D) (¢%:¢")50 1 { (1-¢™) ifn=0,1 (mod3),
3k (€:9)9p 4 0 ifn=2 (mod 3).

For p =0 and v = 1, we have

4n 3. .3
> {4”} g FRUn=SRED (1 _ 3Ry (L1)F = *q*"@"“)i(q Doy

prd 3k], (€ @)2n—1
(1—¢*™)(1+¢*™) ifn=0 (mod3),
X (1—g* ) ifn=1 (mod 3),
" (1—q) ifn=2 (mod 3).

1.ii) Now without constant factor, we consider

4n+1
Z [4n + 1] q (_1)k q(’;)—%n (1 Lk +Ek)

k
k=0
4n+1 4’Il+1 N 4n+1 4Tl+1 . o k:
— Z { L (—1)* g(a)=2kn kZ:O [ L L(l)kq@ (7" w)

4n+1

+ Z [4 HL (1)) (g2 m)",

which, by Rothe’s formula, equals

(0" Qantr + (77" w; Q)4n+1 + (¢ *"w; q)4n+1
4n 4n 4n
= H (1—¢" ") + H (1 —wg" ") + H (1 —wg" ). (4)
k=0 k=0 k=0
Since
4n
H (1 o quf2n — _" T H — k 2n and (q72n;q)4n+1 =0,
k=0



the equation (4) is equal to

4n 4n 4an
H (1 _ qk—2n) + (1 _ mn+1) H (1 _ qu—Qn) — (1 _ wn-&-l) H (1 _ qu—Zn) .
k=0 k=0 k=0

Thus we obtain

dnt1 3.3
an + 1} —13k(4n—3k+1) k1 —nt1\ . 2n —2n%—n (¢*4q )2
q 2 — - (1—- 1—w w"q ——=n,
kZ:O [ 3k i ) (¢ 4)an
Consequently we get
dnt1 3. 3 1 fn=0 (mod 3),
Ol A I et S I M )
k=0 q (4 @)an 0 ifn=2 (mod 3).

1.iii) For 0 < p < m — 1, we give the following result without proof

4n—+2
In+2 —1k(3(4p—1)+6—9k+12n) 1— 3(4p—1)k+~ -1 k
3 o | q (-1)
k=0 q
3.3
_ )q(n p+1)(2p—2n— I)M
3 (€ Dap—opt
2n+2p
« ,2p+2n+1 E2p+2n+1q7(4p*1)(2n+1) H (1 — qu)
k=2n—2p+2
2n+2p
_ (—2pt2n+ —2p+2n+1q(4p*1)(2n+1)q"/ H (1 — wq*k)
k=2n—2p+2

As a special case, for v = 0 and p = 1, we have

4§2 {471 + 2} qfék(1579k+12n) (1 _ q9k:) (71)k _ 7q7(2n+3)(n+1) (q3; q3)2n—1
k=0 3k q (q; Q)2n71
(1 _ q4n+1) (1 _ q4n+2) 1— q4n+3) ifn=0 (HlOd 3)7
X " (q +q¢*+ 1) (1 + q2"+1) (1 — q6"+3) ifn=1 (mod 3),

—g" (q +q¢% + 1) (1 — q8"+4) — (1 — q12"+6) ifn=2 (mod 3).
Now we give formulae for the second main case with its subcases:
2.i) For 0 < p < n — 1, we have the following result without proof:
an

in _3 —3k—9-44n k
Z {3k+ 1] g $kAp+3—3k—2+4n) (1 _ q3(4p+3)k+’y) (—1)
k=0 q
.3
_1q2p+2n+1q(2p—2n+1)(n—p—1) (1 N U}) (q 4 )2(7L—p—1)
3 (¢:9)
& D2(n—p-1)
2n+2p+1
< (an—zp _ E2n+2p—2q~y+(4p+3)(2n—1) H (1 _ wq_k)
k=2n—2p—1
2n+2p+1
_ (q'y—(4p+3)w2n—2p _ @222 2n(dp+3) H (1- qu)
k=2n—2p—1



Especially for v = p = 0, we have the following corollary

n 3. .3
i { an } q—gk(1—3k+4n) (1 _ q9k) (_1)k — q—n(2n+1)%

— |3k +1], (% Do)
(1) (1= () + (1= 07%) =0 (mod 3)
4 (D) (g - (1) (1) =1 (mod 3)
e () (1) (L) itn =2 (mod3)

2.ii) There is no closed formula as mentioned as before.
2.iii) For 0 < p < n, consider

4n+2
Z 4n + 2 g(5)=2k(ntp) (1 _ q(4p+1)k+7) (—1)F (1 + w* + ")
k+1],

An+2

4 2 _

3 [ ﬂ]:- ] o(5) g—@pan1) (2p2n+1) (1 _ q(4p+1)(k71)+v> (1) (1 bt Th)
q

k=0

4n+-2 4 2
_q(2p+2n+1) { n + } qk(k—l)/2q—k(2p+2n+1) (1 _ q(4p+1)(k—1)+’y) (_1)k (1 4wkl _’_mk—l).
0 q

= k

Now consider the sum just above without constant factor,

T 4n + 2 k(k—1)/2 —k(2p+2n+1) (4p+1) (k—1)+ k k=1
Z f q q—repTen <l—q P “’)(—1)’(1+w +w* )
k=0 q

ot {471 +2

_Zk

4 2
_ g Upt) Z { n}j } GH=D/2g2k(=m) (1) (1 | b=t gy
k=0 q

:| k(k—1)/2 —k(2p+2n+1)( )k? (1+wk—1 +Ek_1)
q

which, by Rothe’s identity, equals

(q—(2p+2n+1);q) +w ! (wq—(2p+2n+1);q>

4n+2

+w ! (wq_@”“"“);q) — gt (q_Q(" ”),Q)
4n—+2 4dn+2

— gyt (wqu(”fp); q) — gt (wqﬂ(n*p); q)

An+2

4n+2 4n+2
4n+1 4An+1
_ H (1iqk7(2p+2n+1)> Ll H (17qu7(2p+2n+1))
k=0 k=0
dn+1 4an+1
T H (1_qu (2p+2n+1)> —4p—1 H ( g2 p))
k=0
4n+1 4n+1

g —1H(17wq np)) g 1*711_[( ’f2np))

10



For 0 < p < n — 1, since (¢~ P21 ¢) 110 = (¢ 2P ¢) 442 = 0, the last equation equals

4n+1 4n+1
w-! H (17qu7(2p+2n+1)> Ll H (17qu7(2p+2n+1))
k=0 k=0

dn+1 4dn+1
_ v ptD) lw—l I1 (1 _ qu—zm—p)) +o ' ] (1 _ qu—zm—p))]
k=0

k=0
2n+2p An—+1
=w ' (1—w) ( IT (1- qu<2p+2n+1>)> [T (1 we ez
k=0 k=2n42p+2
2n+2p An+1
+w (1 —w) < I1 (1 _ qu<2p+2n+1>)> 11 (1 - qu*(zp””“))
k=0 k=2n-+2p+2
2n—2p—1 An+1
— gy (1 - w) ( I (t- qu‘“’”’”)) [T (1—we )
k=0 k=2n—2p+1

2n—2p—1 4n+1
v (T mween)) (T (omeen)).

k=0 k=2n—2p+1

which, by some arrangements, equals

2n+2p+1 2n—2p 1 q3k
(2p—2n—1)(n—p),, 2n—2p—1 _ _ —k —
q w (1—w) H (1—wq™") ( H T )
k=2n—2p+1 k=1

2n+2p+1 2n—2p 1— q3k
+q(2p—2n—1)(n—p)w2n—2p—l (1 _ w) H (1 _ wq—k) < H >

k=2n—2p+1

2n+2p+1 2n—2p 1— 3k
_q(2p—2n—1)(n—p)w2n—2p—1q’y—(4p+1) (1 _ w) H (1 _ qu) < H q >
k=2n—2p+1

2n+2p+1 2n—2p 1— 3k
_q(2p—2n—1)(n—p)EQn—Qp—lq’y—(4p+1) (1—w) H (1 - Eqk> < q >
k=2n—2p+1

2n—2p 1— q3k
= (1—w)q@ 2D ( H - )

k=1 1—g

2n+2p+1 2n+2p+1

> ,w2n72p71 H (1 _ wq*k) o @2n72p H (1 o wqfkr)

k=2n—2p+1 k=2n—2p+1

2n+42p+1 2n+2p+1
7q'y7(4p+1)w2n72p71 H (1 o qu:) + q’yf(4p+1)w2n72p H (1 o qu)
k=2n—2p+1 k=2n—2p+1

Since

2n+25+1 2n+2j+1

i+l g(4i+) 2nt1) H (1 _ wqik) — H (1 — @qk) ’

k=2n—2j+1 k=2n—2j+1
11



2n+2j+1 2n+2j+1
St e L e =[] -we),
k=2n—2j+1 k=2n—2j+1

consequently we get

4n+2
Z [4n + 2} I LCAREE (1 _ q3(4p+1)k+’y) (—1)*
q

£ 3k +1

3. .3
1 q’;q _
_ _7q2p+2n+1q(2p72n71)(n7p) (1—w) ( )2(n p)

3 (Q% q)Q(n—p)
2n+2p+1
% (an—2p—1 _ Rn2pHL 2n(dptl)+y H (1 _ ,wq—k)
k=2n—2p+1
2n+2p+1
i (m2n+2p+1q7(4p+1)(2n+1) — gV L) 2n=2p— 1 H (1 —wq¥)
k=2n—2p+1

For v = p = 0, we have the following corollary

4n+2 3. 43
Z an + 2 —3k(4n—3k+1) (1 _ qu) (71)/6 _ qfn(2n+1) (q 4 )2n
3k+1], (4:9)2s,

k=0

(1 + q2"+1) (1 — q2”) ifn=0 (mod 3),
% _ (1 _ q4n+1) ifn=1 (mod 3),
(1—q)¢* ifn=2 (mod 3).

2.iv) For the case, there is no closed formula as mentioned as before.
Similar to the above results, we give the following results without proof.
3.4) For 0 <p <mn,
4n
Z in —3k(4p+1—3k—4+4n) (1 _ q3(4p+1)k:+'y) (_1)k
P 3k+2],

3. .3
_ 71q4p+4n71q(n7p)(2p72n+1) (q 4 )2"—2P—1

3 (4 q)2n72p71
2n+2p
X (En_p (1—w)+w" P (1 - w) q2("_1)(4p+1)+7) H (1 —wg™")
k=2n—2p
2n+2p
— (@2 T (1 w) + 0" =) ) T (- we)
k=2n—2p
Especially for v =p =0, we get
i [ an ] q—gk(—3k—3+4n) (1 _ qu) (_Dk
— 3k+2],
(%), "2 (1-¢?) ifn=0 (mod 3),
= g@n=D-n) 2= 27 /201 (1-¢*"?)(1+¢*) ifn=1 (mod 3),
(@ @)an—1 —(1—¢*"7?) ifn=2 (mod 3).
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3.ii)
0 ifn=0 (mod 3),

4dn+1 3. .3
Z |:§Z + ;:| quk(73k73+4n) (_l)k — q—(2n71)(n71) (q ’q )277, 1 fn=1 (mod 3)7
k=0 T2, (45 @)2n -1 ifn=2 (mod 3).

3.4ii)) For0<p<n+1,

4n-+2
Z [4” + 2] quk(4p71+273k74+4n) (1 _ q3(4p71)k+’y) (71)1@
q

2 [3k+2

3. 43
L antap—1 —(@2n—2p+1)(n—p+1) (q 4 )2n—2p+1

=354 q
3 (€ Dap—2pt1
2n+2p
% (an—Qp—l(l —w)+ qv+(4p—1)(2n—1)@2n+2p—2(1 _ @)) H (1- wq—k)
k=2n—2p+2
2n+2p
_ (q7—8p+2w2n—2p—1(1 —w)+ q—(4p—1)(2n+1)@2n+2p—2(1 _ @)) H (1 —wq")
k=2n—2p+2

Especially for v =0 and p = 1, we get
4n+2
dn + 2} — 3 (—3k+4n) 9k k
g (1—¢") (=1)
_ _q—n(2n+1) (1 _ q2n) (1 _ q2n+1) (1 _ 2n+2) (1 +q6n—3)

(6% ¢°) -1 ifn=0 (mod3),
% ﬂ 1 ifn=1 (mod 3),
(4 @)2n—1 0 ifn=2 (mod 3).

3.iv) There is no closed formula as mentioned as before.

4. TRIPLE AERATED (GENERALIZED FIBONOMIAL SUMS

As corollaries of our results, we present sums formulae including generalized Fibonomial coefficients. From
(1.i), we derive the generalized Fibonomial-Fibonacci-Lucas sums:

1.
L (4n *) U Usn ifn=0,1 (mod 3)
U 1 5 _ 1 n+1 ﬂ { 4n . =Y, )
kz—o{?’k}U sk (=1) (=1 (,51;[1 U, 0 ifn=2 (mod3).
2.
4n 2n—1 ‘/QnU27l+1 ifn=0 (HlOd 3)7
4 k n U. .
Z {32} Usgt1 (—1)(2) = (=" ( H (Ji)’t) Utny1  ifn=1 (mod 3),
U =1 ! 1 ifn=2 (mod 3).

k=0

From (1.ii), we derive the generalized Fibonomial-Fibonacci sum :
dn+1 on 1 ifn=0 (mod3)
4 1 ' ’
Sl @ =y H@ 1 ifn=1 (mod3),
3k U e
k=0 U t=1 0 ifn=2 (mod 3).
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From (1.iii), we derive the generalized Fibonomial-Fibonacci-Lucas sums :

4n+2 2n—1 —AU4n+1U4n+2U4n+3 ifn=0 (mod 3),
dn+2 k n U. .

> { 2 } Ugi (1)) = (—1)™*! 11 % —UsUsn+3Vani1 ifn=1 (mod 3),

k=0 U t=1 t UsUgn+a + Uionts ifn=2 (HlOd 3),

where A is defined as before.
From (2.i), we derive the generalized Fibonomial-Fibonacci-Lucas sum :

el 4n Lk (h—1 L (PSP U, Utn—1Vin—2Uz —Urzp—3 ifn=0 (mod 3),
Z {3k 1} U9k) (_1)5 ( - ) = (_1)"+ H 7 U3U4n_3 —+ UGTLVGTL—?) 1f n= ]_ (mod 3)’
ko WY =1 1 —UsV2nUsn—s ifn=2 (mod 3).

From (2.iii), we derive the generalized Fibonomial-Fibonacci-Lucas sum :

an+2 2n UQn‘/Qn-i-l ifn=0 (HlOd 3),
dn +2 U.

S {3:*1} Usi (—1)G) = (<1 H% ~Usps1  ifn=1 (mod3),

im0 W T o1 Ve 1 ifn=2 (mod3).

From (3.i), we derive the generalized Fibonomial-Fibonacci sum :
an 2n—1 i ifn=0 (mod 3)
4 1 - bl
{ n } Vs (-3 = iy (] % Usn—oVan ifn=1 (mod 3),
k=0 U t=1 1 ~Uip—o ifn=2 (mod 3).

From (3.ii), we derive the generalized Fibonomial-Fibonacci sums corollary as a special case:
0 ifn=0 (mod 3),

An+1 2n
> {42 + ;} 1)) = (! 11 % 1 ifn=1 (mod3),
o BE2)y =1 ¢ -1 ifn=2 (mod 3).

From (3.iii), we derive the generalized Fibonomial-Fibonacci-Lucas sum :

An+2 2n—1 UsUgp_o2 + U6n+3‘/6n—3 ifn=0 (mod 3),
dn+ 2 k n U. .

Z {3k I 2} Uk (—1)(2) = (=1 H 7Ugt Usnt3Ven—3 — UsUsp—s ifn=1 (mod 3),

k=0 U t=1 1 UsUgn—_3Vant1 ifn=2 (mod 3).

5. CONCLUSIONS

In this paper, we have considered triple aerated generalized Fibonomial sums with a general Fibonacci
factor. There would not be any difficulty when one take a general Lucas number instead of the general
Fibonacci number as a factor.
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