FORMULZ FOR TWO WEIGHTED BINOMIAL
IDENTITIES WITH THE FALLING FACTORIALS
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ABSTRACT. In this paper, we will give closed formule for weighted
and alternating weighted binomial sums with the generalized Fi-
bonacci and Lucas numbers including both falling factorials and pow-
ers of indices. Furthermore we will derive closed formule for weighted
binomial sums including odd powers of the generalized Fibonacci and
Lucas numbers.

1. INTRODUCTION

For n > 1, define the generalized Fibonacci and Lucas sequences {U, }
and {V,,} by

U, = PUn—l —Up—2 and V,, = an,1 - Vn72;

with Uy =0, Uy =1, and Vj = 2, V; = p, respectively. The Binet formuleae
are
a™ — 671

a—p
where o, 8 = (p:l: \/]m) /2.

From [2], recall that for £ > 0 and n > 1,

U, = and V,, = o™ + 8",

Ukn = VikUk(n—1) = Ug(n—2) and Vin = ViVin—1) — Vi(n—2)-

As generalizations of the results of [9], Prodinger [8] derived a general

formula for the sum
n

2m+
> BT
i=1
where ¢,6 € {0,1}, as well as for the corresponding sums for Lucas num-
bers.

2000 Mathematics Subject Classification. 05A19, 11B37, 11B39.
Key words and phrases. Binary linear recurrences, binomial sums, closed formula,
operator.



2 EMRAH KILIG, NESE OMUR, AND SIBEL KOPARAL

After this Kilig et. al [4] derived general formule for the alternating
sums

M:

2m-+t¢e 2m-+te
D' LT and Z ' L35
z:l

Khan and Kwong [7] studied the sums

n

Z()mUandZ<) i,

i=0
In [5], the authors computed alternating binomial sums

-1)° i, k,t) and ikt

S (5) stk and 32 (7 Jatmi o)

where f(n,i,k,t) and g (n,i,k,t) are certain products of generalized Fi-

bonacci and Lucas numbers.
Kilig et. al [3] computed the sums

n n
n . 2 + n . 2 +
Z (i>lska :, Z <Z)2Vk ’
1=0 =0

as well as their alternating analogues for positive integers k£ and s where ¢

is defined as before.
By inspiring from [3, 5], the authors [6] derived formule for the binomial

sums "
Z <7Z> Zm(_l)z f(na ia k7 t)a

i=0

where f(n, i, k,t) is defined as before and m is a nonnegative integer and x™

stands for the falling factorial defined by 2™ =z (z —1)...(x —m +1).
In this paper, we compute the weighted binomial sums

> (") mg (i, k) and )it g i k
S (7)irtmatidy an z() (i, b),
where g(i, k) is either U2 or V2 for k,m > 0.

2. THE MAIN RESULTS

Before our main results, we give some auxiliary results. For n > 2, define
the sequences {Xxn}, {Yint, {Wn} and {Zx,} as

Xo=0, Xy =Uk, Xpn = Vi +2) (Xpno1) — Xi(n-2)) »

Yo =0, Yi = Uk, Yen = (Vi —2) (Ye(o-1) + Ya(n—2)) »
Wo=2, Wi =Vi+2, Wen = (Vi +2) Win-1) — Win—2)) »
Zo=2, Zi =Vi =2, Zjn= Vi = 2) (Zitn=1) + Zi(n—2)) -
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The Binet formulse are
(L+a)"—(+6" o (@ -1)" (-1

Oé—ﬂ ) kn a—ﬁ ,
Wkn = (1+ak)"+ (1+6k)n and an _ (Otk _ 1)n+ (Bk _ 1>n7

where o, g% = (Vk +/V? —4) /2.

From (see Eq. (1.118) on page 36, [1]), we recall the following lemma:

an

Lemma 1 ([1]). For nonnegative integers n and m,

n

Z (T;) it = a™n™(1 4+ a)" ™ [a # —1 and m # n].

i=0

We need the following result.

Theorem 1. For nonnegative integers n and m,

n m
n n—
U, i 7 Xk(ntm)s
EO SIS
i " ZH—mUk = e (n)(;€ + (m — n)Xk 1 )
1:0 i 7 (2 T Vk;)m (n+m) (n+m—1)) >
- n 7 . n+m nﬂ
-1 o i = -1 mY )
Z <Z> (—1)% iU, = (—1) IS TARRCE)

“ (n i A4m nt (—1)" !
Z ) (1) T U = BT ((m = n) Yitnam—1) — "WVi(ngm)) -

Proof. Consider

" /n 1 " /n ) " /n )
mUl: -m ki -m ki ,
3 (5= g |5 (1) (1))
which, by Lemma 1, equals

nm | (L+ab)" (140" am x
Ozfﬂ (1 +ﬁk)m (1 +ak)m - (2+Vk)m k(n+m),
as claimed. One can easily obtain the rest of claimed identities. O

Similar to the proof of Theorem 1, we have the following result without
proof.

Theorem 2. For nonnegative integers n and m,

" /n n
iﬂvi: mW n—+m)»
i=0 (7’> * (2+Vk) Mt
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" /n\ . nt
Z <i>ll+mvk‘i = (777’7, [(m — n)Wk(n+m,1) + an(n+m):| 5

= 2+ Vk)
- ’I’L) z jm n+m nt
Z sz = (_1) 7mzk(n+m)a
= ( (2-W)
7, . nm(_l)nerfl
( ) jitm Vi = W [(m - n)Zk(n+m—1) - nZk(n—',—m,)] .

In order to generalize Theorems 1 and 2, we will define two new opera-
tors. For n > 1, define the operators Dy and Ay on Xp(pqm) and Yy (pqm)
as follows

Dy (Xi(nam)) = nXpmim) + (m — 1) Xynpm—1) (2.1)
AU (Yk(n-‘ﬂn)) = nYk(n-‘rm) - (m - n)Yk(n-‘rm—l)- (22)
For example, from Theorem 1 and (2.1), we have

n

Z (?) i2+ﬂUki = Dy li (?) sl
1=0

=0

nm
=Dy {W (nXk(n-i-m) + (m — n)Xk(n-s-m—l))]
nm
= @ vy [ Xt + (=)0 = 1) X )

+(m —n)(m —n+1)Xymim-2)] -

From the discussion above, if ;_:0 ( ) js=1+myy, - is of the form W Z a Xy,
then

n

3 <T;)is+mUM = (2+V Dy | Xy

i=0 t>0

Hence the coefficients a; can be computed iteratively. Iterative process is
summarized in the theorem:

Theorem 3. The polynomials as , (m,n) satisfy the recurrence
asr(m,n) = (n—r)as_1,(m,n)+(m-—-n+r—1)as_1,-1(m,n), s>1,

where the initial value ag o (m,n) =1 and if r <0 orr > s, as,(m,n) = 0.
For any integers m,s > 0,

. n n st o nm s
l) Z (Z)Z Ui = W ;as,r(m,n)Xk(n+m_r), (23)

=0
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n n+m S
g n i ot
i1) Z <Z> (=1)' Ty, = 2 — Vk poo ; " as (M, n)Yi(nm—r)-
(2.4)
Proof. i) Recall that

$0)sm (§0) o)
1=0 =0

1=

Thus by (2.1), we have
s—1
Zasr (m n)Xk(n—i-m r) = =Dy [Z As— 1r m n)Xk(n+m r)‘|
r=0 r=0

= Z asfl,r(mv TL) ((TL - T)Xk(n-&-m—r) + (m —n+ T)Xk(n—i-m—r—l))

s—1

= Nas—1,0 (m7 n)Xk(n+m) + Z(n - T)asfl,r(ma n)Xk(n—l-m—r)
r=1

+ Z(m —n+r— ]-)asfl,rfl(ma n)Xk(n—l-m—r)

+ (m —n+s— l)as—l,s—l(ma n)Xk(n-i-m—s)

= nasfl,()(mv n)Xk(n+m) + (’ITL —n+s— 1)asfl,sfl(ma n)Xk(n+m—s)
s—1

+ Z ((n - T)as—l,r(ma n) + (m -—n—+r— 1)as—1,7'—1(ma n)) Xk(n+m7r)-
r=1

Since as_1,(m,n) =0if r <0 or r > s — 1, we write

Z aSﬂ“(mv n)Xk(n-i—m—r)
r=0

= Z [(n—=7)as—1,(m,n) +(m—n+7r—1)as_1,-1(m,n)] Xi(ntm—r)-

The recurrence of a; .(m,n) follows by comparing coefficients.
1) Observing

i <ZL) (-t Uy, = Ay lzn: (?) (—1)f = 1Hmy,

=0 =0

)

the proof follows similar to the first claim. O
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For n > 1, define the operators Dy and Ay on Wy (yqm) and Zy(y4m)
as

Dy (Wk(n+m)) = an(ner) + (m - n)Wk(rH»mfl)a
Ay (Zk(n+m)) = nZk(ner) - (m - n)Zk(nerfl)'

Theorem 4. For m,s > 0,

~(n -s+mv,:LS W, 2.5
Z <Z)Z ki (2+Vk)m Zoas,r(man) k(n+m—r)s ( : )

i=0 =
" /n . o (—1)"T S
_1ls+mvi:7 -1)" s,T ’ Z n+m-—r)-
e DU CRY T
(2.6)
Proof. The proof is similar to the proof of Theorem 3. g

3. ADDITIONAL SUMS FORMULAE INCLUDING ODD POWERS OF THE
GENERALIZED FIBONACCI AND LUCAS NUMBERS

In this section, we will derive much more general case of the results of
Theorems 3 and 4 by taking odd powers of the generalized Fibonacci and
Lucas numbers. Before this, we need to recall some facts.

From [10], for reals m and n, recall that

k-1/2 4 . ‘
(m+ n)k = Z <) (mn) (m*=% 4 n* =20 if k is odd,

- 1
=0

(k—1)/2

(m—-n)= > (k> (=1)" (mn)*(mF=2 —nF=2) if kis odd. (3.1)

i
i=0
Now we are ready to give our first claim:

Theorem 5. For k,s >0,

> (Mm-S ey (B
{ (Vi —4)° = J (2 4+ Vias—2j+1))™

i=0 j

S

X Z as,r(m7 n)Xk(2572j+1)(n+mfr) .
r=0

Proof. For k > 0, by the Binet formula of {U,} and (3.1), we have

n n ki ki 2s+1
n 25+ﬂU25+1 :Z n /L‘S+ﬂ fe% 7’_/8 (3
— \i ki i a—pf

=0

K2
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1 " /n
§ -s+m
= 7 ] -
(Oé _ 2S+1 . (Z)

(25+ 1) QFi2s=25+1) _ 6ki(23—2j+1)>

1 < (2s+1 = (1 st
Ty ( ; > (=1)’ Z (z)l T ki(25—2j41)
i—0

= i=0
which, by taking k(2s + 1 — 27) replace of k in (2.3), equals

s 7 S
T3 \F . m s,T ) k(2s—2j4+1)(n+m—r)>
(V2—4) ;0 j (2 + Vk(2572j+1)) ; ( J+1)( )

as claimed. 0

Theorem 6. For k,s > 0,
n
Z( ) 1, s+mU23+1

L nm nRUEC i (2s+1 1
=1 vz gy 2= () j 2V, )m
Vi —4)° = A k(25 —2j+1))

X Z s, (M, 1) Yi(25—2j41) (n4m—r)-

Proof. For k > 0, consider

— (n i 2541 — (n i akt — gki o
5 S (e (55

i=0 1=0
which, by (3.1), equals

- . S /25 + 1 [ Ri(2s—2j41) _ gki(2s—2j41)
E ()= B0 e (i)

i=0 §=0 (a

=0 i=0

By taking k(2s+1—2j) instead of k in (2.4), the claimed result follows. O

Using (2.5) and (2.6), and, by following the proof of Theorem 5, we have
the following result without proof.

Theorem 7. For k,s >0,
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- n) 2 L (25+1 1
. stmy, s+1 nm < } ) -
2 <Z o 2 I ) (24 Vi@s-2j+1)

i=0 §=0

S

X Z as,?“(ma n)Wk(25—2j+1)(n+m—r) .
r=0

Theorem 8. For k,s > 0,

- n i .s+m s n+m m
Z(-)(—l) rmyZet — ()"t pm

- (3
=0

*L (25 +1 1 > .
XZ ( . ) Z (_1) as,r(m7 n)Zk(2572j+1)(n+m7r)'

S\ T )2 Veeeo)" S
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