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In this study, realization and applications of anisotropic zero-refractive-index materials are proposed by
exposing the unit cells of photonic crystals that exhibit Dirac-like cone dispersion to rotational symmetry reduction.
Accidental degeneracy of two Bloch modes in the Brillouin zone center of two-dimensional C2-symmetric
photonic crystals gives rise to the semi-Dirac cone dispersion. The proposed C2-symmetric photonic crystals
behave as epsilon-and-mu-near-zero materials (εeff ≈ 0, μeff ≈ 0) along one propagation direction, but behave
as epsilon-near-zero material (εeff ≈ 0, μeff �= 0) for the perpendicular direction at semi-Dirac frequency. By
extracting the effective medium parameters of the proposed C4- and C2-symmetric periodic media that exhibit
Dirac-like and semi-Dirac cone dispersions, intrinsic differences between isotropic and anisotropic materials are
investigated. Furthermore, advantages of utilizing semi-Dirac cone materials instead of Dirac-like cone materials
in photonic applications are demonstrated in both frequency and time domains. By using anisotropic transmission
behavior of the semi-Dirac materials, photonic application concepts such as beam deflectors, beam splitters, and
light focusing are proposed. Furthermore, to the best of our knowledge, semi-Dirac cone dispersion is also
experimentally demonstrated for the first time by including negative, zero, and positive refraction states of the
given material.
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I. INTRODUCTION

Photonic crystals (PCs) are periodically (or quasiperiod-
ically) index-modulated structures that exhibit extraordinary
light manipulation characteristics with the help of strong light-
matter interaction inside them [1,2]. The ongoing demand for
the efficient control of light makes these artificially generated
structures an important solution in the fields of nanoscale
optics and photonics. Ever since the first introduction of them
to the literature, numerous wave transport and dispersion
phenomena of PCs have been discovered, such as photonic
band gaps [3], negative refraction [4], self-collimation [5],
and superprisms [6]. The photonic Dirac cone dispersion is
one of these phenomena and is formed by a linear conical
singularity at the Brillouin zone corners of hexagonal-lattice
periodic structures [7,8]. This linear conical singularity is an
optical analog to the case in electronic solid-state systems
like graphene, since it shows important electronic transport
characteristics like the quantum Hall effect [9] and Zitter-
bewegung [10]. Recently, starting with the study of Huang
et al. [11], the scope of photonic Dirac cones has been
extended by demonstrating a new type of conical dispersion
relation, i.e., Dirac-like cone dispersion [11–18]. Dirac-like
cone dispersion shows up around the Brillouin zone center
of PCs that consist of unit cells including dielectric rods
having specific structural parameters. At a Dirac-like point,
the periodic medium behaves as an isotropic epsilon-and-mu-
near-zero (EMNZ) medium. The EMNZ materials have both
their effective medium parameters converge to zero (εeff ≈
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μeff ≈ 0) and using this peculiar behavior one can realize
zero-refractive-index PC-based novel photonic applications
such as unidirectional transmission [19], beam focusing [20],
and obstacle cloaking [11]. Prior to the mentioned studies
about PCs having Dirac-like cone dispersion, previous re-
searches [21–27] have achieved and investigated the zero-
refractive-index phenomenon by different concepts such as
materials that contain metallic components. However, since
the effective medium parameters of these materials do not
approach zero simultaneously (εeff ≈ 0, μeff �= 0 or εeff �= 0,
μeff ≈ 0), these structures have high intrinsic optical losses
or impedance mismatch. Also, they can be grouped under
two titles according to the values of their optical parameters:
epsilon-near-zero (ENZ → εeff ≈ 0, μeff �= 0) and mu-near-
zero (MNZ → εeff �= 0, μeff ≈ 0) materials.

The enthusiasm to design artificial media that exhibit
zero refractive index lies behind the unusual interaction of
electromagnetic waves with these materials, whether they are
single-zero (ENZ or MNZ) or double-zero (EMNZ) material.
According to Snell’s law, one physical indication of zero
refractive index is that the refraction angle of waves exiting
from these structures is equal to 0°. This allows waves to
leave zero-refractive-index material along the direction which
is perpendicular to the air-material interface. In addition, since
Snell’s law must be met, high reflection occurs at the material’s
surface if the angle of incidence of waves is other than 0°. The
convergence of the refractive index to zero provides for the
wavelength of the propagating electromagnetic wave inside
these materials to be extremely large. Thus, extremely large
wavelength ensures that waves propagate without reflection
losses at waveguide bends filled with zero-refractive-index
materials. In other words, waves can be tunneled through
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very narrow and sharp channels in an efficient manner [27].
Moreover, the phase distribution inside zero-refractive-index
materials is uniform due to large wavelength. Therefore, these
structures are also able to engineer the shape of wave fronts
thanks to the uniform profile of phase distribution [23]. In
other words, one can obtain the desired radiation pattern by
truncating the air-material interface in a required manner.

The Dirac-like cone dispersion existing at k = 0 can be
considered a crucial alternative to obtain impedance-matched
zero-refractive-index materials without utilizing lossy inclu-
sions. Furthermore, PCs exhibiting Dirac-like cone dispersion
behave as an isotropic material at Dirac-like points since
both effective medium parameters approach zero for every
propagation direction. The electromagnetic wave propagation
inside an EMNZ material continues along all directions, so
the utilization of confining metallic materials that limit light
propagation along undesirable directions should be considered.
In addition, it is known that the Dirac-like cone dispersion is
formed by the specific structural parameters of the PC unit
cells and there is only one Dirac-like point frequency for
the unit cell parameters chosen. This structural uniqueness is
undesirable for photonic applications that may require the zero-
refractive-index property at different frequencies or different
PC configurations. The above-discussed limitations may com-
plicate configurability of the Dirac-like cone-dispersion-based
photonic devices in fabrication and utilization processes.

In this paper, as an alternative solution to the above-stated
limitations in PCs having Dirac-like cone dispersion, we both
numerically and experimentally investigate the semi-Dirac
cone dispersion phenomenon in PCs with reduced rotational
symmetry. In spite of isotropic artificial media exhibiting
Dirac-like cone dispersion, periodic structures having semi-
Dirac cone dispersion possess anisotropic zero-refractive-
index behavior [28,29]. We focus on the advantages of
symmetry-reduced (or low-symmetric) PCs having semi-Dirac
cone dispersion. Also, possible photonic applications employ-
ing the semi-Dirac cone phenomenon are also presented. In
contrast with Dirac-like cone materials, the designed semi-
Dirac structures show the low-loss EMNZ characteristic for
one propagation direction, but an impedance-mismatched ENZ
behavior for the perpendicular direction. Thus, the designed
photonic structures, which are based on semi-Dirac dispersion,
transmit most of the incident power along one propagation
direction without the need for confining materials.

Even though the works in Refs. [28,29] introduced the
semi-Dirac cone dispersion phenomenon to the photonic lit-
erature, there are additional important points that still need
to be investigated. The PC structure proposed in Ref. [28]
is limited to one type of unit cell configuration (elliptical
dielectric rods) to form semi-Dirac cone dispersion. Also, only
a specific size of the elliptical dielectric rods is considered in
that study. On the other hand, in the present work, we extend
the appearance of semi-Dirac cone dispersion by analyzing
different lattice types (rectangular and square) and unit cell
configurations (circular and rectangular dielectric rods). Here,
we propose a rectangular lattice of perfectly circular dielectric
rods, which may provide a feasible implementation of the
semi-Dirac cone phenomenon. In addition, we also demon-
strate the structural configurability of semi-Dirac frequency by
controlling the geometrical parameters of dielectric rods. This

structural configurability can be useful in potential applications
in the fields of optics and photonics where the fabrication and
design restrictions may take place. Also, the presented study
provides the possible utilization of semi-Dirac cone dispersion
in photonic applications. Finally, to the best of our knowledge,
this is the first time that semi-Dirac cone dispersion is verified
experimentally in the microwave domain.

II. SPECTRAL AND TIME DOMAIN ANALYSES

The rotational symmetry reduction in PCs stands for a
degradation in the rotational symmetry order of the PC unit
cells by changing the aspect ratios of the dielectric rods or by
including additional dielectric elements [30–32]. As already
known, geometric properties of the unit cells have a significant
role in determining the optical response of periodic structures
in the spectral domain. The rotational symmetry is one of
these determinant characteristics that influence the interaction
of PCs with electromagnetic waves [33,34]. The PC unit
cells can be grouped under different orders of rotational sym-
metry (C1, C2, C3, C4, . . . Cn) according to their geometrical
configurations and lattice types. For instance, square-shaped
dielectric rods that form a square-lattice PC are grouped within
the C4 rotational symmetry group. The reason is that the
square-shaped figures present the same appearance after they
are rotated by 90° around their center point. Here, the order
number “4” comes from the ratio between rotation (90°) for
the square case and full rotation (360°).

Figure 1(a) represents an (a × a)-sized C4-symmetric
unit cell having square dielectric rods, which form a two-
dimensional square-lattice PC that exhibits Dirac-like cone
dispersion. The material composing the dielectric rods was
considered as InP (indium phosphide) for the applications
in optical telecom wavelengths. Hence, the permittivity of
dielectric rods was fixed to be ε = 10.04 and the structural
parameters are b1 = 0.378a and c1 = 0.378a, where “a” is
the lattice constant of the periodic medium. Here, given PC
unit cells can be gathered under the C4 rotational symmetry
group, since the required rotation degree to obtain the same
appearance is 90°. In order to calculate the spectral properties
of the PC, frequency domain analyses are performed by
exploiting the plane wave expansion method [35]. Figure 1(b)
represents the transverse-magnetic (TM) polarization photonic
band structure of the square-lattice PC, where the nonzero
electric and magnetic field components are defined as Ez, Hx ,
and Hy , respectively. Here, the electric field component (Ez) is
along the axis of the dielectric rods (z axis), and magnetic field
components (Hx , Hy) are transverse to the axis of dielectric
rods. In other words, we adapt the notion of polarization
classification used in two-dimensional PCs. The corresponding
directions of the x, y, and z axes are given as an inset plot in
Fig. 1(a).

As can be seen from Fig. 1(b), in the Brillouin zone center,
the second, third, and fourth dispersion curves accidentally
intersect at a triply degenerate point (a/λ = 0.566), which is
marked as “A1.” In other words, point A1 is created by the
accidental degeneracy of three Bloch states at the Г point.
Here, the term “accidental” means that the modes for the triply
degenerate Bloch states are adjusted to intersect at the � point
by tuning the structural parameters of dielectric rods. This
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FIG. 1. The unit cell configurations and the photonic band structures of two-dimensional (2D) square-lattice PCs exhibiting Dirac-like and
semi-Dirac cone dispersions. (a) 2D representation of a C4-symmetric unit cell that consists of a square dielectric rod with structural parameters
b1 = 0.378a, c1 = 0.378a, and permittivity ε = 10.04. (b) TM polarization band structure of the PCs formed by square dielectric rods. In the
center of the Brillouin zone, three bands intersect at the Dirac-like point frequency a/λ = 0.566, which is marked as A1. The Brillouin zone is
given as an inset. (c) A zoomed view of the Dirac-like cone dispersion comprises of two flat bands and four linear bands. (d) 2D representation
of a C2-symmetric unit cell that consists of a rectangular dielectric rod with structural parameters b2 = 0.360a, c2 = 0.465a, and permittivity
ε = 10.04. (e) TM polarization band structure of the PCs formed by rectangular dielectric rods. In the center of the Brillouin zone, two bands
intersect at the semi-Dirac point frequency a/λ = 0.564, which is marked as A2. (f) A zoomed view of the semi-Dirac cone dispersion that
comprises a flat band, a quadratic band, and two linear bands.

intersection point is referred as the Dirac-like point and the
dispersion relation around point A1 is named the Dirac-like
cone dispersion. At Dirac-like frequency, the PC behaves as
an isotropic EMNZ material where the dispersion relation in
the vicinity of the Dirac-like point is linear and eigenstates
of the triply degenerate point consist of one monopolar
and two dipolar modes. Figure 1(c) is prepared to analyze
band characteristics near the Dirac-like point and the electric
field eigenstates at the triply degenerate point. The given band
structure in Fig. 1(c) is formed by four linear bands and
two flat bands near the Dirac-like point. Moreover, electric
field eigenstates at point A1 consist of one monopolar mode
along with two dipolar modes as can be seen from the given
insets. These calculations confirm that the given dispersion
relation can be treated as a Dirac-like cone dispersion and the
given C4-symmetric PC behaves as an EMNZ material at the
Dirac-like point.

As mentioned before, all-dielectric PC structures with ac-
cidentally degenerated Bloch modes having Dirac-like conical
dispersion behave as an isotropic EMNZ medium. On the
other hand, in some cases, certain photonic designs may
require the anisotropic nature of the PC dispersion relations to
efficiently route, transport, and tailor the light beams. Inducing
optical anisotropy to an isotropic material can be achieved
by infiltration of the host medium by anisotropic materials
or by the tuning structural configuration (unit cell’s shape,
symmetry, or type). Also, the optical properties of the former

approaches can be dynamically configured by applying an
external electric field [36–41]. The latter method is about
tailoring the isofrequency contours of PCs by introducing
a certain amount of reduction to PC unit cells’ rotational
symmetry [30,31,42]. In this study, we have considered the
second approach, i.e., the rotational symmetry reduction, as a
good solution to transform an isotropic EMNZ structure into
anisotropic one. Figure 1(d) shows a two-dimensional PC unit
cell representation composed of a C2-symmetric rectangular
dielectric rod having structural parameters that are equal to
b2 = 0.360a and c2 = 0.465a with the permittivity of ε =
10.04. As can be deduced from the given schematic, the aspect
ratio of the rectangular rods differs from unity due to the
symmetry reduction in the unit cell elements. The photonic
band structure of the C2-symmetric PC is prepared in Fig. 1(e)
to be able to observe the impact of introducing a rotational
symmetry reduction. Differently from the Dirac-like cone case
in Fig. 1(b), only two dispersion bands (third and fourth bands)
accidentally intersect at a doubly degenerate point “A2,” which
is called a semi-Dirac point [see Fig. 1(f)]. At semi-Dirac
frequency, the PC structure shows an anisotropic behavior,
i.e., behaving as an EMNZ material along the �X propagation
direction and as an ENZ medium for the �Y direction. Similar
to the Dirac-like cone case in Fig. 1(c), symmetry-reduced
PCs exhibiting semi-Dirac cone dispersion must meet certain
requirements to be related with zero-refractive-index behavior
[28]. First, the photonic band structure near the semi-Dirac
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frequency should involve a linear relation for one symmetry
axis and a quadratic band along with a flat band for the other
symmetry axis. Second, electric field eigenstates at k = 0 must
provide one monopolar mode and one dipolar mode. With the
intent of examining whether the given C2-symmetric PC meets
these criteria or not, a zoomed version of the band structure
near the semi-Dirac point is represented in Fig. 1(f) to check
the dispersive requirements of the semi-Dirac cone. It can be
deduced from the figure that the dispersion relation near point
A2 is formed by a flat band along with a quadratic band for
the �Y propagation direction and two linear bands for the
�X propagation direction. Moreover, eigenstates at the doubly
degenerate point are composed of one monopolar mode and
one dipolar mode. The performed calculations imply that the
doubly degenerate dispersion relation of the C2-symmetric PC
structure can be considered semi-Dirac dispersion.

The finite-difference time-domain (FDTD) method [43] is
performed to analyze time domain responses of the proposed
PCs exhibiting Dirac-like and semi-Dirac cone dispersions.
The given triangle-shaped PCs are excited by a source with
a Gaussian spatial profile operating at Dirac-like and semi-
Dirac frequencies [see the FDTD results shown in Figs. 2(a)
and 2(b)]. Figure 2(a) demonstrates the electric field distri-
bution inside the C4-symmetric triangle-shaped PC structure
exhibiting Dirac-like cone dispersion. The proposed medium
is excited at the Dirac-like point a/λ = 0.566 and the triangle-
shaped structure functions as a beam splitter at the Dirac-like
point frequency. The corresponding FDTD result represents
two typical characteristics of light-matter interaction in an
EMNZ medium. First, the phase distribution inside the periodic
medium has a uniform property since the phase velocity (or
wavelength) inside the PC structure converges to infinity. Sec-
ond, in parallel with Snell’s law, wave fronts exiting from the
triangular PC edges have a plane-wave characteristic, which
mimics the shape of the air-PC interface as expected from
an EMNZ medium. Since the PC structures exhibiting Dirac-
like cone dispersion show an isotropic zero-refractive-index
feature, incident beams exit along both�X and�Y propagation
directions with equal powers. However, this isotropic property
may require additional components to confine the light along
one propagation direction to realize some proper photonic
applications.

Figure 2(b) shows the electric field distribution inside
the C2-symmetric PC structure exhibiting semi-Dirac cone
dispersion and having the same triangle shape as the structure
given in Fig. 2(a). The periodic medium is excited at the
semi-Dirac point a/λ = 0.564. Asymmetric light coupling is
clearly observed from Fig. 2(b); the anisotropic behavior of
the semi-Dirac dispersion makes incident waves exit from the
upper edge of the triangle, while the efficiency of light output
at the bottom interface is dramatically low. At semi-Dirac
frequency, calculated transmission efficiencies at the upper and
bottom edges are Tupper = 81.6457% and Tbottom = 0.0022%,
respectively. This emerging phenomenon can be interpreted as
the following: The proposed C2-symmetric PC structure has
an EMNZ characteristic along the �X propagation direction
and an ENZ property for the �Y case. As already known, the
effective permittivity of ENZ materials converges to εeff ≈ 0,
whereas the effective permeability is μeff �= 0. Thus, since
the effective permeability is not equal to zero, an optical

impedance mismatch arises between the periodic medium
and the surrounding air. The occurring optical impedance
mismatch causes a reduction in the transmission efficiency
for output beams propagating along the �Y direction inside
the PC and confines the light. On the other hand, along the �X
direction, both effective permittivity and permeability are equal
to zero, which makes the PC structure behave as an EMNZ
medium toward the �X direction. The equality of effective
constitutive parameters to zero makes the studied periodic
structure optically impedance matched to air along the �X
direction. These two conditions can be considered as the reason
why the incident waves propagate through the �X direction
but are confined along the �Y direction. The indications of
a zero-refractive-index feature can be observed in Fig. 2(b):
First, the phase distribution inside the PC structure has a
uniform manner like the Dirac-like cone case. Second, output
beams from both triangle edges mimic the shape of the air-PC
interface. It is important to note that, despite the impedance
mismatch in the �Y direction, the proposed PC structure still
has a zero-refractive-index property at semi-Dirac frequency
and the output wave fronts have a plane-wave characteristic
even though the transmission value is still low. Such direction-
dependent transmission behavior gives PCs with semi-Dirac
cone dispersion an advantage over the periodic media ex-
hibiting Dirac-like cone dispersion, in which case additional
perfect-electric or perfect-magnetic conductors may be re-
quired to confine light along undesired propagation directions.

As is known, the wavelength of the propagating electro-
magnetic waves is very large (infinite in the ideal case) inside
a zero-refractive-index material comparing to the wavelength
in free space. This extraordinary effect enables electromagnetic
waves to be spatially coherent at any point inside the structure,
since the phase profile has a uniform distribution inside the
medium. More specifically, the phase profile becomes uni-
formly distributed because the effective refractive index of the
medium converges to zero and the corresponding wavelength
approaches extremely larger values. It is also possible to
maintain spatial phase coherence within the PC exhibiting
semi-Dirac dispersion so that one can maintain directional
emission even when multiple sources are embedded in the
PC. Due to the zero-refractive-index phenomenon, emanat-
ing waves experience infinitely short optical path lengths
(OPL = (2π/λ)neff ) within the PC structure. Consequently,
even though the point sources are located at finite distances
from each other inside a zero-refractive-index material, there
emerges a negligibly small optical path difference between
the generated waves. In this case, it can be considered that the
point sources are overlapped with each other regardless of their
numbers and physical locations within the PC structure. Hence,
one can deduce that the point sources superpose perfectly
inside the PC structure and create an artificially new source.
The superposed waves propagate as if they are generated
from a single source where the wave fronts of exiting waves
are parallel to the air-PC interface. As a result, the emerged
coherence within the PC region due to the very small optical
path length between the point sources provides the exiting
waves with a constant phase in a plane perpendicular to the
propagation direction. In other words, the emerged coherence
within the PC structure also ensures the waves exiting from
the periodic medium to be spatially coherent; i.e., the output
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FIG. 2. Corresponding electric field and phase profiles showing light-matter interaction in periodic media with Dirac-like and semi-Dirac
cone dispersions. (a) The electric field distribution inside the proposed C4-symmetric PC having Dirac-like cone dispersion. The structure is
excited by a Gaussian source operating at a Dirac-like point frequency a/λ = 0.566. (b) The electric field distribution inside the proposed
C2-symmetric PC having semi-Dirac cone dispersion. The structure is excited by a Gaussian source operating at a semi-Dirac frequency
a/λ = 0.564. (c) The uniform phase profile inside the C2-symmetric PC, which exhibits semi-Dirac cone dispersion. The given structure is
excited by asymmetrically distributed four point sources operating near the semi-Dirac frequency a/λ = 0.569. (d) Nonuniform phase profile
inside the same periodic medium. At this stage, the structure is excited by asymmetrically distributed four point sources operating at a normalized
frequency a/λ = 0.602, in which the refractive index of the periodic medium is not neff = 0. In both figures, spatial locations of point sources
are emphasized with black dots.

waves’ phases in a plane perpendicular to the propagation
direction is constant. The given square-lattice C2-symmetric
PC structure is excited by randomly distributed spatially and
spectrally identical four point sources operating near the
semi-Dirac frequency a/λ = 0.569, as shown in the phase
distribution given in Fig. 2(c). Here, the black dots represent
the locations of point sources inside the PC. As can be seen
from the figure, the phase distribution within the structure is
almost uniform, which results in a spatially coherent radiation
pattern at the outside of the PC structure. In addition, due to
the anisotropic behavior of semi-Dirac cone dispersion, the
proposed PC structure enables wave propagation along the
�X direction, whereas suppressing the exiting beam power
along the �Y direction [see Fig. 2(b)] leads to the formation
of directional beams with enhanced power. In contrast, the
directional feature and coherence effect of the propagating
wave vanish when the PC structure is excited with identical four
point sources operating at a frequency (a/λ = 0.602) away
from the semi-Dirac point, as shown in Fig. 2(d).

By taking the advantage of an open discussion about the
inherent spatial coherence phenomenon of the semi-Dirac
cone materials, we want to further analyze that characteristic
by making a possible connection with the well-known van
Cittert–Zernike (VCZ) coherency theorem. The VCZ theorem
is a coherence theory in classical optics and states that the
emanating wave fronts from a spatially incoherent source
exhibit a spatial coherence if one observes at a long distance
under certain conditions [44]. For instance, if we consider
the wave fronts generated by two spatially incoherent sources,
one can see a spatially incoherent radiation pattern at a distance
close to the sources. On the other hand, according to the VCZ
theorem, if the observation is performed at longer distances
from the sources, one can see that both sources will contribute
almost equally to the wave fronts, which makes them spatially
coherent. In our case, we have observed that, due to the
extremely large wavelength inside the PC structure, spatial
coherence can be obtained in an infinitely short distance using

the PC structure given in Fig. 2(c). Therefore, in light of the
above discussion, we can establish a possible analogy between
the VCZ theorem and the semi-Dirac cone dispersion in terms
of the generation of spatially coherent waves. In the case
of the VCZ theorem the incoherent waves are transformed
into spatially coherent ones at long distances. Introducing
a zero-refractive-index material enables this transformation
at infinitely short distances because of the extremely large
wavelength and uniform phase profile within the structure.
Here, we only propose a possible connection between two dif-
ferent phenomena. Thus, to make an extensive analysis of this
connection, additional analytical and numerical investigations
are required. For this reason, the detailed spatial coherence
analyses can be further considered in future perspectives of
this study.

Until now, isotropic and anisotropic zero-refractive-index
features of given PCs have been demonstrated via electric field
amplitude and phase profiles inside and outside of the structure.
Nevertheless, the calculation of frequency-dependent effective
medium parameters is also required to map proposed periodic
structures to zero refractive index. In general, effective medium
approaches are valid under the long-wavelength limit, i.e.,
in the low-frequency regime, where the wavelength is much
larger than the periodicity of optical scatterers. Furthermore,
concerned normalized frequency values in this study are
comparatively not low enough to perform proper effective
medium approaches. On the other hand, since Dirac-like and
semi-Dirac points lie around the center of the Brillouin zone,
an effective medium approach can still be applied [11]. Hence,
to obtain the effective medium parameters, we have exploited
the boundary effective medium concept, which was actually
developed for elastic waves [45] and then implemented for
PCs [28]. First, constitutive relations in Eq. (1) are considered
to calculate effective medium parameters [28]:

D̄z = eeffĒz,

[
B̄x

B̄y

]
=

[
μeff

x 0
0 μeff

y

][
H̄x

H̄y

]
. (1)
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In Eq. (1), the average field values are calculated by
eigenstate values at the unit cell boundaries. In the process
of effective parameter extraction, the average field description
is altered in accordance with the wave vector k. For example,
for a PC structure, which is excited along the �X propagation
direction, average electric and magnetic fields are given as

Ēz =
∫ 0.5a

−0.5a
Ez(x = −0.5a)dy

2a
+

∫ 0.5a

−0.5a
Ez(x = 0.5a)dy

2a
,

(2)

H̄y =
∫ 0.5a

−0.5a
Hy(x = −0.5a)dy

2a
+

∫ 0.5a

−0.5a
Hy(x = 0.5a)dy

2a
.

(3)

Furthermore, the average electric and magnetic field
densities are

D̄z =
∫ 0.5a

−0.5a
Hy(x = 0.5a)dy

−jωa2
−

∫ 0.5a

−0.5a
Hy(x = −0.5a)dy

−jωa2
,

(4)

B̄y =
∫ 0.5a

−0.5a
Ez(x = 0.5a)dy

jωa2
−

∫ 0.5a

−0.5a
Ez(x = −0.5a)dy

jωa2
.

(5)

Here, the effective medium approach is performed by
applying field averaging on the boundaries of eigenfields
corresponding to the relevant wave vector (k). As mentioned
before, the proposed periodic medium exhibiting semi-Dirac
cone dispersion shows EMNZ and ENZ properties for the
wave vectors lying along the the �X and �Y symmetry axes.
Thus, in this study, during the calculation of effective medium
parameters, we considered two sets of wave vectors where
kx = 0, ky �= 0 for �X and kx �= 0, ky = 0 for �Y symmetry
axes. Figures 3(a) and 3(b) show evaluated effective medium
parameters for PCs exhibiting Dirac-like and semi-Dirac cone
dispersions presented in Fig. 1, respectively. In Fig. 3(a),
frequency-dependent optical parameters of C4-symmetric PC
structure are calculated along both �X and �Y propagation
directions. Here, since the considered medium has an isotropic
dispersion, the calculated effective medium parameters along
the �X direction are also the same for the �Y case. Thus, the
corresponding effective permittivity and permeability values
along both directions overlap. As can be seen from Fig. 3(a),
εeff
x,y and μeff

x,y curves intersect at the Dirac-like point frequency
a/λ = 0.566 and, in accordance with the previous comments,
their effective values are εeff

x,y ≈ μeff
x,y ≈ 0, which indicates that

the proposed medium operates as an EMNZ medium along
both �X and �Y symmetry axes at the Dirac-like point.
In addition to the zero-refractive-index feature, due to the
continuous relation of effective medium parameters in the
operating frequency range, the proposed structure behaves
as a positive index material (εeff

x,y > 0 and μeff
x,y > 0) above

the Dirac-like frequency and has a negative refractive index
(εeff

x,y < 0 and μeff
x,y < 0) below the Dirac frequency. To com-

pare the effective medium parameters of Dirac-like and semi-
Dirac cone dispersions, similar calculations are performed for

C2-symmetric periodic medium [see Fig. 3(b)]. Since the C2-
symmetric unit cell exhibits an anisotropic dispersive behavior
[see Fig. 1(e)], effective medium parameters along the �X and
�Y directions are expected to be different compared to the
Dirac-like cone case. As can be seen in Fig. 3(b), the variation
trend of effective permittivity (εeff

x ) and permeability (μeff
y )

along the �X propagation direction is similar to the Dirac-like
cone case. On the other hand, because of the anisotropic
feature of C2 symmetry, constitutive relations (εeff

y , μeff
x ) along

the �Y direction exhibit different characteristics. Differently
from the case of Dirac-like cone dispersion, here εeff

y and μeff
x

values do not intersect each other at the semi-Dirac frequency
a/λ = 0.564. Moreover, although the effective permittivity
crosses through εeff

y ≈ 0, the effective permeability μeff
x never

approaches zero (μeff
x �= 0). Therefore, this phenomenon gives

rise to an ENZ material along the �Y direction since the
effective medium parameters are εeff

y ≈ 0 and μeff
x �= 0 at

the semi-Dirac frequency. As mentioned earlier, since the
structure’s effective permeability at the semi-Dirac frequency
is μeff

x �= 0, the optical impedance Z = √
μ/ε does not match

with air and the corresponding transmission efficiency in the
�Y direction decreases. Here, it should be noted that between
the normalized frequency interval of a/λ = [0.507 − 0.564],
data are unavailable for the �Y direction due to the existence
of a partial photonic band gap in that range.

As is already known, there is only a single triply degenerate
point for the PCs consisting of dielectric rods having constant
refractive index. The occurrence of the Dirac-like point for
a certain value of the constructive parameters prevents triply
degenerate Bloch states at the � point from being adjusted to
desired frequencies. This single-frequency phenomenon may
induce some restrictions in designing photonic applications
that require zero-refractive-index materials. Furthermore, the
structural parameters that reveal Dirac-like cone dispersion do
not provide enough feasibility in the fabrication process. All
these limitations push researchers to search alternative solu-
tions of using the Dirac-like cone phenomenon in the design of
photonic devices. One of the solutions that can be proposed is
utilizing periodic media that exhibit the semi-Dirac dispersion
relation. In order to investigate the structural configurability of
the semi-Dirac dispersion phenomenon, structural parameters
b2 and C2 of the C2-symmetric rectangular rods [see Fig. 1(d)]
are swept over a certain range. Next, they are taken as parameter
sets to obtain different semi-Dirac frequencies, as shown in
Fig. 3(c). The point represented by P1 in the given figure rep-
resents the sizes of the C4-symmetric square dielectric rods ex-
hibiting Dirac-like cone dispersion. This point corresponds to
the unit cell configuration given in Fig. 1(a). As we move away
from this point, the unit cell structure is converted from C4 to
C2 rotational symmetry and the aspect ratio of square dielectric
rods differs from unity. It is important to note that the reduction
in the rotational symmetry order of the dielectric rods leads to
a conversion from the Dirac-like cone dispersion to the semi-
Dirac cone dispersion. The emerging semi-Dirac points are
obtained at different frequencies depending on the aspect ratios
of the rectangular rods. For example, points P2, P3, and P4 rep-
resent the semi-Dirac points corresponding to the different nor-
malized frequencies and structural dimensions. Corresponding
structural parameters of P2, P3, and P4 semi-Dirac points
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FIG. 3. Extracted effective medium parameters for Dirac-like and semi-Dirac cone materials and the semi-Dirac cone map. (a) Effective
medium parameters for the given C4-symmetric PC, which exhibits Dirac-like cone dispersion. All the effective values are equal to zero at the
Dirac-like point a/λ = 0.566. (b) Effective medium parameters for the given C2-symmetric PC, which exhibits semi-Dirac cone dispersion. εeff

x

and μeff
y represent the effective parameters along the �X propagation direction, whereas εeff

y and μeff
x represent the �Y case. (c) The structural

parameter map with respect to bx and cx lengths of the dielectric rods. The red dot (p1) represents the required width and length sizes for the
C4-symmetric dielectric rods to compose a PC structure having Dirac-like cone dispersion. Green dots (p2, p3, and p4) show sample structural
parameters for C2-symmetric unit cell based PCs to realize semi-Dirac dispersion. The C4-symmetry line is also represented with a dashed
black line, which indicates the dielectric rods having bx and cx lengths equal.

are given as insets in Fig. 3(c). These remarks conclude that
PCs having a semi-Dirac cone dispersion relation can be well
adjusted to desired unit cell sizes and normalized frequencies.

As mentioned previously, the anisotropic behavior of semi-
Dirac cone dispersion makes this dispersion relation more
feasible for photonic applications. Compared to the Dirac-like
cone case, which behaves as an isotropic medium, semi-Dirac
materials exhibit high power flow along one direction (�X in
our case) and confine the propagating light along the transverse
direction (�Y in our case). This means that light leakage
along undesired directions is prohibited thanks to the direction-
dependent role of the semi-Dirac effect and, moreover, there
is not a necessity to use absorbing or reflector boundaries at
the adjacent lateral interfaces. This particular spectral feature
is an important solution when a PC structure is utilized in
light manipulation applications that require directionality. In
this regard, we have prepared several light manipulation ap-
plications by exploiting the anisotropic zero-refractive-index
property of the studied C2-symmetric PCs excited by a source
operating at semi-Dirac frequency (see Fig. 4). The first light
manipulation concept to be proposed is the deflection of light
waves, which can be implemented by using the semi-Dirac
cone dispersion relation, as shown in Fig. 4(a). In accordance
with this purpose, rectangular dielectric rods are positioned
in a triangular form both vertically and horizontally to form
PC structures (triangular PCs are indicated by dashed white
lines) and these triangle-shaped periodic media are cascaded to
make a light deflection device. The proposed device provides a
beam deflection of 90° with transmission efficiency T = 70%
at semi-Dirac frequency. The second light-engineering concept
is represented in Fig. 4(b), which is a PC beam splitter that
consists of rectangular rods. The right edge of the given
structure is truncated to form a half-octagonal shape. Since the
exiting waves from an EMNZ medium mimic the air-EMNZ
interface, the PC enables a splitting of incoming light into three
output beams propagating along perpendicular to the output
interfaces. Here, output transmission efficiencies at the exit
interfaces are as follows: T1 = 26%, T2 = 37%, and T3 = 26%

along the upper, central, and bottom channels, respectively.
As zero-refractive-index materials enable the engineering of
wave fronts of outgoing waves, which mimic the air-material
interface, the beam splitter phenomenon is not limited to the
application given here. Power splitting of incoming radiation
can be increased to the desired number of output channels
by only truncating the edges of the PC structures. The last
but not least application is the beam-focusing PC structure
presented in Fig. 4(c). As is well known, the phase distribution
inside a zero-refractive-index medium has a uniform profile
due to the convergence of the wavelength to infinity. Moreover,
in accordance with Snell’s law, the propagation direction of
electromagnetic waves exiting from these materials is always
normal to the air-PC interface. Using this phenomenon, mate-
rials exhibiting Dirac-like cone dispersion can be exploited to
design a focusing lens by modifying the output interface of the
structure to form a concave shape [20]. However, as mentioned
before, the isotropic feature of the Dirac-like cone dispersion
requires a confining reflector material, since the light leakage
along undesired directions weakens the focusing power. Lens
designs based on the semi-Dirac dispersion phenomenon can
be a good solution to this problem, since incoming radiation
is confined along undesired directions. Figure 4(c) provides
the focusing effect PC structure composed of rectangular rods.
The concave lens focuses the incident light in a distance of
24.25a with a full width at half maximum of 0.661λ, where
λ = 1.773a and a is the lattice constant.

III. AN ALTERNATIVE REALIZATION VIA
RECTANGULAR-LATTICE PHOTONIC CRYSTALS:

NUMERICAL RESULTS WITH EXPERIMENTAL
VERIFICATION

Until now, to reveal the semi-Dirac cone dispersion phe-
nomenon, PCs with C2-symmetric rectangular rods were
considered. Even though the most up-to-date fabrication tech-
niques provide fabrication of photonic structures in nanoscale,
there are still some restrictions due to the structural and
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FIG. 4. Light beam manipulations by C2-symmetric PCs operating at the semi-Dirac point. (a) Electric field distribution showing a beam-
bending application, which exploits the self-confinement behavior of light inside C2-symmetric PCs having semi-Dirac cone dispersion.
(b) The electric field profile that demonstrates a beam splitter utilizing the wave-front shaping property of C2-symmetric PCs with semi-Dirac
cone dispersion. (c) The electric field intensity distribution showing a focusing lens composed of a semi-Dirac periodic medium. All of these
structures are illuminated at the semi-Dirac frequency a/λ = 0.564.

geometrical complexity of PC structures. In this context, one
can consider that the rectangular rods may encounter feasibility
issues (due to possible fabrication imperfections) during the
fabrication or realization process because of their sharp edges.
Throughout the fabrication process, these sharp edges can
be simply rounded due to the resolution limitations of the
e-beam lithography (proximity effect of e-beam lithography)
or chemical vapor deposition process [46] and it means
that the produced PC unit cells’ dielectric filling ratio has
deviated from the numerically calculated one. Since dispersion
properties are sensitive to the structural parameters of unit
cells, possible fabrication imperfections may shift the semi-
Dirac point or, worse, doubly degenerate Bloch states can
simply vanish. In order to prevent the mentioned fabrication
issues, we propose an alternative realization of semi-Dirac
cone dispersion by utilizing perfectly circular dielectric rods
aligned in a rectangular array. In Fig. 5(a), the two-dimensional
(2D) representation of the rectangular-lattice periodic medium
having circular dielectric rods with radii of r = 0.262a and
permittivity of ε = 10.04 is given. The unit cell parameters of
the rectangular lattice are equal to ax = 1a and ay = 1.287a.
The corresponding TM polarization dispersion diagram for
the given PC is depicted in Fig. 5(b). As can be observed
from Fig. 5(b), two Bloch states (third and fourth dispersion
bands) accidentally intersect at a doubly degenerate point in
the Brillouin zone center at normalized frequency a/λ = 0.486
and generate a semi-Dirac point. We expect that, at semi-
Dirac frequency, the given rectangular-lattice PC behaves as
an anisotropic medium, i.e., an EMNZ medium along the
�X propagation direction and and ENZ medium for the �Y
propagation direction. In order to prove this, effective medium
parameters along both �X and �Y propagation directions are
calculated and presented in Fig. 5(c). The effective medium
parameters have a similar trend compared to the square-lattice
case. As can be seen from Fig. 5(c), all the effective parameters
are equal to zero at the semi-Dirac frequency a/λ = 0.486
except μeff

x . As a consequence, the given results show that one
can generate a semi-Dirac cone dispersion by utilizing not only
a square array of rectangular rods but also a rectangular lattice
of circular rods, which simplifies the fabrication process by
avoiding the use of dielectric rods with sharp edges.

As mentioned before, the allure of the semi-Dirac cone
dispersion is not only limited to the zero-refractive-index
property; it also helps us realize negative-refractive-index and
positive-refractive-index artificial materials. To experimen-
tally verify all the effective refractive-index properties of PCs
having the semi-Dirac dispersion relation, a rectangular-lattice
PC structure composed of circular Al2O3 (alumina) rods with
99.8% purity was constructed [see Fig. 6(a)]. The rectangular
unit cell representation and the photonic band structure of
the alumina PC can also be seen in Fig. 6(a). Moreover,
corresponding effective medium parameters of the designed
PC structure composed of alumina rods are given in Fig. 6(b).
Since we wanted to perform this experiment using the materials
available at our disposal, we chose to utilize circular alumina
rods aligned in a rectangular-lattice configuration. The permit-
tivity of alumina rods is ε = 9.8 in the microwave regime and
their radii and heights are r = 3.175 mm and h = 152 mm,
respectively. During the design process of the PC structure, we
intended to construct a periodic structure with the same filling
ratio as the structures given in Figs. 1(d) and 5(a). Furthermore,
the constructed PC structure was configured to form a semi-
Dirac dispersion relation in the Brillouin zone center and
the corresponding semi-Dirac frequency was calculated to be
f = 12.10 GHz for the lattice constant of a = 12.245 mm. For
the given rod radii and the lattice constant, the semi-Dirac cone
dispersion occurs when the lattice sizes of the rectangular unit
cells are equal to ax = 12.245 mm and ay = 15.453 mm. At
semi-Dirac frequency, effective medium parameters are equal
to εeff

x = −0.005 and μeff
y = −0.002 along the �X symmetry

axis while εeff
y = −0.005 and μeff

x = 0.312 for the �Y sym-
metry axis as shown in Fig. 6(b). The visual representation
of the microwave experimental setup can be seen in Fig. 6(c).
Microwaves were generated between the bandwidth of 6–18
GHz via an Agilent E5071C ENA vector network analyzer. The
generated microwaves were injected into the periodic structure
along the �X propagation direction with the aid of a horn
antenna, which was aligned to the perpendicular edge (lying
along the y direction) of the triangle-shaped PC structure. A
monopole antenna was connected to the same network analyzer
and measured the electric field distribution of the waves inside
and outside of the triangle-shaped PC. The field measurements
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representing the electric field distribution inside of the PC
were taken by sweeping the monopole antenna over the top of
the dielectric rods. In addition, measurements representing the
electric field profile along the hypotenuse and short edges of the
structure were taken by scanning along the PC surface with the
monopole antenna that was brought to the vertical midpoints of
the dielectric rods. The electric distribution on the exit surfaces
of the triangle-shaped PC was measured with a 2-mm step size.

Figures 7(a) and 7(b) show FDTD and experimental electric
field results inside and outside of the PC structure given in
Fig. 6(a). In the numerical solution case, the proposed structure
was excited by a Gaussian source operating at a frequency
(f = 11.70 GHz) below the semi-Dirac point. On the other
hand, Fig. 7(b) represents the measured electric field profile
at the same frequency. If one examines the results, it can
be seen that both output field profiles show similar phase
fluctuations inside the structures. Furthermore, since both
effective medium parameters are negative [εeff < 0, μeff < 0;
see Fig. 6(b)] below the semi-Dirac point, the electromagnetic
waves exiting from the PC edges are refracted negatively in
both numerical and experimental results. Using the effective
medium approach given in Fig. 6(b), at f = 11.7 GHz, the

effective refractive index along the �X symmetry axis is
determined as neff

x = −0.166. To validate the effective medium
calculations, the refractive index is also calculated by measur-
ing the exit angles of waves exiting from the hypotenuse. The
measured effective refractive indices for both simulation and
experimental results are neff

x ≈ −0.168 (measured, simulation)
and neff

x ≈ −0.168 (measured, experiment), respectively. On
the other hand, Figs. 7(c) and 7(d) represent the numerical
and measured experimental results when the periodic medium
is excited at the semi-Dirac frequency (f = 12.10 GHz). It is
important to note that zero-refractive-index behavior, which
is a consequence of the semi-Dirac dispersion relation, is
readily apparent in both simulation and experimental results.
The first indication is the uniform phase profile inside the
structures, since the wavelength of electromagnetic waves
inside the PCs converges to infinity. The latter indication is
the plane-wave-like wave fronts of the beams exiting from
PC edges, as they mimic the PC-air interface and make a
refraction angle of θout = 0◦ with the normal in accordance
with Snell’s law. Here, it is important to emphasize that
the transmitted power along the y propagation direction is
relatively lower than the power exiting from the hypotenuse
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FIG. 7. Simulation and experimental results in the microwave regime to demonstrate semi-Dirac cone dispersion phenomenon. FDTD and
experimental results showing real components of the electric field distributions inside and outside of the triangle-shaped PC at frequencies (a, b)
below the semi-Dirac point (11.70 GHz), (c, d) at the semi-Dirac point (12.10 GHz), and (e, f) above the semi-Dirac point (12.90 GHz).

in both simulation and experimental results since the semi-
Dirac materials have the property of being anisotropic and
optically impedance-mismatched along the y direction. At the
semi-Dirac frequency, the effective refractive index of alumina
PC is calculated as neff

x = −0.003 along the �X symmetry
axis using the effective medium parameters given in Fig. 6(b).
Besides, the effective refractive index measured from the given
electric field profiles is equal to neff

x ≈ 0 (measured) for both
simulation and experimental cases. Finally, Figs. 7(e) and 7(f)
represent the electric field profiles inside the PCs that show the
conventional positive-refraction phenomenon for both simula-
tion and experiment atf = 12.90 GHz, respectively. Similarly,
both simulation and experimental results are consistent with
each other since the phase distributions inside the PCs are
alike. In addition, since the effective medium parameters
given in Fig. 6(b) are positive (εeff > 0, μeff > 0) above the
semi-Dirac point, exiting beams are refracted positively in both
electric field demonstrations. Above the semi-Dirac frequency,
the effective refractive index is calculated as neff

x = 0.269
using the effective medium parameters given in Fig. 6(b).
In addition, the measured refractive indices from simulation
and experimental results are neff

x ≈ 0.251 (measured, simula-
tion) and neff

x ≈ 0.196 (measured, experiment), respectively.
To summarize, the performed FDTD simulations of semi-
Dirac materials are verified in the real world via experimental

measurements. At the semi-Dirac point, it has been experimen-
tally proven that the periodic structures show a zero-refractive-
index phenomenon. Furthermore, the frequencies above and
below the semi-Dirac point experimentally exhibited the pres-
ence of positive- and negative-refraction-index phenomena,
respectively.

IV. CONCLUSION

In this study, we have numerically and experimentally
demonstrated that by reducing the order of rotational symmetry
of unit cells of PCs exhibiting Dirac-like cone dispersion in the
Brillouin zone center, anisotropic zero-refractive-index mate-
rials, i.e., periodic media having semi-Dirac dispersion, can be
realized. At doubly degenerate frequency, which is the semi-
Dirac point, the periodic medium behaves as a double-zero
material (εeff ≈ 0, μeff ≈ 0) along one propagation direction,
whereas it behaves as ENZ material (εeff ≈ 0, μeff �= 0) for
the transverse propagation direction. The PC structures having
Dirac-like cone dispersion may require confining materials to
design proper photonic devices due to their isotropic dispersion
characteristics. In addition, for the selected refractive index of
dielectric rods, the Dirac-like frequency is unique, which pre-
vents the designed photonic devices from being configurable.
However, semi-Dirac-dispersion-based PCs show anisotropic
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behavior and can be easily utilized in photonic applications
without the need for any limiting material. In addition, new
semi-Dirac points can be generated at different frequencies
by only adjusting the aspect ratio of unit cells (or dielectric
rods) exhibiting semi-Dirac dispersion. With these advantages,
photonic devices such as beam deflectors, beam splitters, and
focusing lenses can be realized by exploiting the anisotropic
behavior of semi-Dirac materials.
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